arXiv: 1505.07446v2 [math.AG] 26 Apr 2016 


EQUIVARIANT DEGENERATIONS OF SPHERICAL MODULES: PART II 


STAVROS ARGYRIOS PAPADAKIS AND BART VAN STEIRTEGHEM 

Abstract. We determine, under a certain assumption, the Alexeev-Brion moduli scheme 
of affine spherical G-varieties with a prescribed weight monoid S. In IPVS12I we 
showed that if G is a cormected complex reductive group of type A and S is the weight 
monoid of a spherical G-module, then M 5 is an affine space. Here we prove that this 
remains true without any restriction on the type of G. 


1. Introduction and statement of results 

A natural invariant of an affine variety X equipped with an action of a complex con- 
necfed reductive group G is its weight monoid S(X). It is the set of (isomorphism 
classes of) irreducible represenfations of G that occur in the ring of regular functions 
C [X]. If every irreducible represenfation occurs at most once in this ring, then X is called 
multiplicity-free. If, in addition, X is normal, then it is an affine spherical variety. For 
multiplicity-free varieties, fhe weighf monoid complefely describes fhe sfrucfure of C [X] 
as a represenfation of G. Knop's Conjecfure, proved by Losev in IILos09l , asserfs fhaf if 
X is smooth and multiplicity-free, then S(X) uniquely determines X. This is no longer 
true without the smoothness assumption. A moduli scheme introduced by V. Alexeev 
and M. Brion IIAB051 brings geometry to the natural question, "to what extent does S(X) 
determine X as a variety?" 

To describe the moduli scheme, following IIBril3l Section 4.3], we infroduce some more 
nofafion. Lef B be a Borel subgroup of G. Then B = TU where T is a maximal forus of 
G and U is the unipotent radical of B. Lef A+ be the monoid of dominant weights in the 
weight lattice A. Recall that by highest weight theory, the elements of A+ are in bijecfion 
with the isomorphism classes of irreducible represenfations of G. Under fhis identifica¬ 
tion, the weight monoid S{X) of a mulfiplicify-free affine G-variety X is a finitely gener¬ 
ated submonoid of A"*". Now, given a finifely generafed submonoid S of A"*", define the 
following G-module: V{S) := ©Ae 5 U(A). By identifying if with the semigroup algebra 
C[»S], we equip the space of highesf weighf vectors V{S)^ wifh a T-mulfiplicafion law. 
The moduli scheme M 5 infroduced in jABOSl parametrizes the G-multiplication laws on 
V(S) that extend the chosen T-multiplication law on the subspace V{S)^. We will some¬ 
times write instead of M 5 when we need fo specify the group under consideration. 
Alexeev and Brion showed that M 5 is an affine scheme of finite type over C. 

In more geometric language, the moduli scheme parametrizes pairs (X, cp) where 
X is a multiplicity-free affine G-variety with weight monoid S and ^ is a T-equivariant 
map Spec(C[X]^) —Spec(C[»S]). Alexeev and Brion equipped M 5 with a natural action 
of the 'adjoint torus' T^d := T/Z{G), where Z(G) is the center of G. They proved that the 
orbits correspond to isomorphism classes of mulfiplicify-free affine varieties with weight 
monoid S, and that there is a unique closed Tad-orbit, which is a fixed point denoted Xq. 
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Finally, they showed that if X is an affine mulfiplicify-free variefy with weight monoid S, 
and we think of X as a closed point on M 5 , then the closure of the orbit ■ X C M 5 has 
coordinate ring C[Ex], where Ex is the so-called root monoid of X: 

Ex := (A + ^ - v: A,^,v G A+ such that (C[X](^) • C[X] (^))c n C[X] ^ 0)]n. 

Here C[X] is the isotypic component of C[X] of type A G A+. 

1.1. Main results. In ||PVS12i we proved that if S is the weight monoid of a spherical 
G-module, where G is of type A, then M 5 is an affine space. Here we extend this result 
to weight monoids of spherical G-modules for arbifrary cormecfed reductive groups G. 
That is, we here prove the following. 

Theorem 1 . 1 . Assume W is a spherical G-module, where G is a connected reductive algebraic 
group. Let S be the weight monoid of W and let dw be the rank of the group ZEw generated by 
the root monoid Ew of W. Then 

(a) Ew is a freely generated monoid; and 

(b) the T^^-scheme M 5 is T^^-equivariantly isomorphic to the T^^^-module with weight monoid 
Ew- In particular, the scheme M 5 is isomorphic to the affine space hence it is irreducible 
and smooth. 


We recall from ||PVS12i Lemma 2.7] that for a given spherical G-module W, the invariant 
dvv is easy to calculate from the rank of the free abelian group (»S(W))z: it is the difference 
between the rank of {S{W))z, and the number of irreducible components of W. Thanks 
to the reduction in Section 4 of IIPVS121 , which is independent of the type of the group G, 
the proof of Theorem ll.il which is formally given in Section [L2l reduces to the following 
theorem. 


Theorem 1.2. Suppose (G, W) is an entry in Knop's List of saturated indecomposable spherical 
modules (see List \3.1\ on page\T6^. If G is a connected reductive group such that 

(1) g' C G C G; and 

(2) W is spherical as a G-module 
then 

dim TxoMg = dw, 

where S is the weight monoid of {G,W). 


In |PVS12i Section 5], we proved Theorem 11.21 for groups G of fype A. In Section |3] 
below, we prove it for the remaining modules in Knop's List, i.e. those where the acting 
group contains a component that is not of type A. As in our previous paper, we do this 
by determining for each enfry in Knop's List the structure of TxgM^ as a Tad-module: we 
defermine the Tad-weights occuring in TxgM^ and show that each weight has multiplicity 
one. It follows from our descriptions that only certain 'special' elements of the root lattice 
of G occur as Tad-weights in TxgM 5 : every Tad-weight m TxgM^ is a so-called "spherical 
root" of G (cf. IILunOll Section 1.2] for the definition of this notion). 

Section 13 which may be of independent interest, contains some auxilary results about 
the tangent space TxgM 5 to M 5 at the point Xg. Corollary 12.91 is a sharpening of the 
extension criterion IIPVS121 Proposition 3.4] for invariant sections of the normal sheaf of 
Xg in V. 
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The Appendix presents the details, in a specific case, of a different technique which 
explicitly computes the Tad-eigenvectors in (V/g • 

After most of the work on this paper had been completed, the preprints IIACF14II and 
IBVS151 were posted on the arXiv. We do not use the results contained in these papers, 
and for the weight monoids S under consideration in the present paper our main result is 
stronger. More precisely, while IIACF14[|BVS15i also prove (and in much greater general¬ 
ity than in the present paper) that the T^d-weights in Tx^M^ are spherical roots of G and 
have multiplicity one, in the present paper we additionally prove that M 5 is irreducible 
for the monoids S under consideration. 


1.2. Formal proof of Theorem 11.11 We now give the proof of Theorem 11.11 Corollary 
2.6 and Corollary 4.17 of IIPVS121 reduce the proof to Theorem 11.21 which we prove by a 
case-by-case verification in Section |3l 


1.3. Notations. We will follow the conventions and notations of IIPVS12I . In particular, 
by a variety we mean a reduced, irreducible and separated scheme of finite type over C. 
We will use A for the weight lattice of G, i.e. the group of characters of a fixed maximal 
torus T, which is identified with the group of characters of a chosen Borel subgroup B of 
G which contains T. Then A+ will denote the monoid of dominant weights in A, and we 
will use V (A) for the irreducible representation of G corresponding to A G A+, and V\ 
for a highest weight vector in V (A). We will use 0 for the Lie algebra of G. If a is a root, 
then G Homz(A,Z) will be its coroot (in the sense of l|Bou68i ), its root space and 
Aa G \ {0} a root operator. We will use 11 for the set of simple roots (relative to T and 
B) and Ar for the root lattice: Ar = (11) 2 : G A. 

We will number the fundamental weights and the simple roots of the simple Lie alge¬ 
bras as in ||Bou68i . When G = GL(n) and i G {1,..., n}, the highest weight of the module 
/\' C” will be denoted by coi. Moreover, we put cvq = 0. It is well-known that the simple 
roots of GL(n) have the following expressions in terms of the cof. 

(1.1) OLi =—coi^i + 2c0i — coi^i for z G {1,2,.. .,n — 1}. 


We will use E* for the basis of a free monoid S of dominant weights and E := {A* : A G 
E*}. Here A* is the highest weight of the representation H(A)* which is dual to V (A); that 
is: y(A*) ~ H(A)L 
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visit of the second-named author to the University of Grenoble, the general strategy for 
the extension criterion in Section They also thank an anonymous referee for pointing 
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numerous and detailed suggestions which improved the paper. 
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para a Giencia e a Tecnologia through grant SFRH/BPD/22846/2005 of POGI2010/FEDER 
and by RIMS, Kyoto University, Japan. 

B. V. S. received support from The City University of New York PSC-CUNY Research 
Award Program and from the National Science Foundation through grant number DMS- 
1407394. He also thanks Michel Brion and the Institut Fourier for their hospitality in the 
Summer of 2011. 
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2. Criterion for extension of sections 


In this section, E* is a set of linearly independent dominant weights of a complex con¬ 
nected reductive group G, and S is the submonoid of A+ generated by E*. We do not as¬ 
sume that S is the weight monoid of a spherical module. Like before, E = {A: A* G E*}. 
As in IIPVS12i . we put 

V := ©a€eV'(A); 

*0 := I] Oa e V; 

AeE 


Xq := G • xq ^ V 

and we denote by Xfxo\v the normal sheaf of Xq in V. 

Remark 2.1. We record some well-known facts about Xq and Xq that will be of use later 
in the paper. 

(a) Since E is linearly independent, t • xq = (ua ^ ^ ^ E)c- 

(b) Xq is a spherical G-variety with weight monoid S; cf. IIVP72[ Theorem 6 ] 

(c) By iVP721 Theorem 8 ], the following map is a one-to-one correspondence between the 
set of subsets of E and the set of G-orbits in Xq: 

(D C E) G ■ Vjj where Vjj := E Ua- 

AeD 


In IAB051 Alexeev and Brion equipped with an action of 7^^ and showed that Xq, 
viewed as a point of Ms, is a fixed point and the unique closed orbit for this action. As in IIPVS12I 
we will work with a 'twist' of the action in jABOSl . It is obtained by composing Alexeev 
and Brion's action with the automorphism of Tad induced by the automorphism 7 1 — 7 ^ 
Wo('y) of the root lattice A^, which is the group of characters of Tad- Here Wq is the longest 
element of the Weyl group of (G, T). We will call our action on M 5 and its induced action 
on TxqM^ "the Tad-action." As shown in BABOSi and reviewed in iPVS12i §2.2], we have 
a sequence of Tad-equivariant linear maps 


( 2 . 1 ) 


Tx,Ms H%Xo,Afx^^y)^ -4 H^(G • xo,Afx,\vf ^ (H/g • xq) 


■"AQ. 


where the first and the third map are isomorphisms, and the second one is an inclusion. 

Because they will play a role later on, we recall from IIPVS12[ §2.2] explicit descriptions 
of our Tad-actions on (H/g • Xo)*""'o and on H^(XQ,J\fx^\v)^- For the former, we begin by 
equipping V with the same action a. of Tad in BPVS121 Definition 2.11]: if f G T, A G E 
and V ^ V (A) C V then 

(2.2) a{t,v) = \{t)t~^v. 

It follows from highest weight theory that the center Z(G) of G belongs to the kernel of a, 
and therefore a induces an action of Tad = T/Z{G) on H. Let G xi Tad be the semidirect 
product of G and Tad, where Tad acts on G by conjugation. As explained in BABOSI p. 102] 
the Tad-action a and the linear G-action on V can be extended together to a linear action of 
G XI Tad on V. Since the Tad-action fixes xq, this yields an action of G^q xi Tad on H/g • xq, 
see e.g. BPVS121 p. 1780]. It follows that the subspace (V/g- Xo)‘"*o of H/g • xq is preserved 






























by the action of This induced action on {V/q ■ xq)^^o is what we call "the Tad-action" 
on (y/g • By slight abuse of notation, we also denote it by a. 

To describe the Tad-action on H°(G • Xq,Nxq\v)^ and on H°(Xo,A/'xo|y)^, let GL(y)‘^ 
be the group of linear aufomorphisms of V thaf commufe with the action of G. Since 
the elements of E are distinct, GL(y)‘^ is isomorphic to the product of |E| copies of 
C^. The nafural action of GL(y)‘^ on V sfabilizes G • Xg and Xq and the embedding 
H^(Xo,Afxgjv)^ ^ H^{G • ^Oz-^Xolv)*^ GL(y)‘^-equivariant for the induced actions. 
Gomposing the action of GL(y)‘^ with the homomorphism 

(2.3) /:T^GL(y)G,t^(A(0)A6£ 

yields an action of T on V. We denofe the induced T-action on H®(G • Xq, A/xoiv)*" and on 
H^{Xo,AfxQ\v)^ By xp. Proposition 2.13 of IIPVS12I shows thaf Z(G) is in the kernel of ip 
and fhaf the isomorphism 

(2.4) H^(G • ^ 0 /A/xg|y)*" (y/g • xo)^^o^s i—)■ s(xo) 

in (|2.H) above is indeed Tad-equivariant if (y/g • Xo)‘"''o is equipped with the Tad-action a 
and H^{G • ^O/A/xg|y)*" is equipped with the Tad-action ip. 

In Section 12.11 we strengthen ||PVS12i Proposition 3.4] and obtain necessary and suffi¬ 
cient conditions for a section s G H^{G • Xq,Nxq\v)^ to exfend to Xg: see Gorollary 12.91 
The proof is given in Section l23l after we review some generalities about extending sec¬ 
tions of a vecfor bundle over a normal variefy in Section I2.2[ In Section 12.41 we gafher a 
few more resulfs on TxgM^. 

2.1. Extending sections. We denote by Xy C Xg the union of G • xg with all G-orbits of 
Xg thaf have codimension 1. By MBrilOl Lemma 1.14] Xy^ is an open subset of Xg, and 
because Xg is normal, if is a subset of the smooth locus of Xg (see, e.g., the argument in 
the proof of PPVS12[ Lemma 3.3] for details). 

Definition 2.2. We say the A G £ has codimension one if 

dim G • (xg — V\) = (dim G • xg) — 1. 

As an immediafe consequence of, e.g., PPVS121 Proposition 3.1] one has the following 
simple criferion to determine whether an element of E has codimension one. 

Proposition 2.3. For A G E the following are equivalent 

(1) A has codimension one; 

(2) for every x G LI such that (x'^. A) 7 ^ 0, there exists ^ G E \ {A} such that (x'^, y) 7 ^ 0; 

(3) for every positive root x such that (x'^. A) 7 ^ 0, there exists y ^ E \ {A} such that 
{x^,y) 7 ^ 0 . 

The following is an immediate consequence of PBril3[ Lemma 3.9]. 

Proposition 2.4. Ifs G H^{G ■ xg,A/xg|y)‘"/ then the following are equivalent: 

(1) s extends to Xg; 

(2) s extends to Xy^; 

(3) s extends fo G • xg U G • (xg — Vx) for every A G £ of codimension 1. 
























Proof. The equivalence of ([D and ((2) is a special case of ||Bril3[ Lemma 3.9]. The equiva¬ 
lence of (12 and (12 is a consequence of the definition of a sheaf, once we prove that the 
collection of sets 


(2.5) 


{G • xq U G • (xq “ ^a) : a G E of codimension 1} 


forms an open cover of We first show that each set G • xq U G • (xq — V\) in the 


collection (12.51) is open. Indeed, the complement of G • xq U G • (xq — V\) in is a finite 


(by Remark l2.1tld) ) union of orbits in Xy^ that are all closed because they are of minimal 


<C1 

dimension. Secondly, the union of the sets in the collection (12.51) is all of Xy because, by 
Remark l2.1tfc|) and IIPVS12[ Lemma 2.16] every orbit of codimension 1 in Xq is of the form 
G • {xq — V\) tor some A G E of codimension 1. □ 


We recall some well-known facts about Ta^-weights and Tad-eigenvectors in {V /q • 

Xo)^^0. 

Lemma 2.5. Let /3 G A. Jf u G R such that [y] G {V/q - xo)*^''o is a nonzero T^^-eigenvector of 
T^^-weight f>, then there exists a T^^-eigenvector v ^ V of T^^^-weight f such that [u] = [u] G 
{V/g-xof’^o. 

Proof This follows from the following standard argument. Note that (R/g • Xo)*^"^o is a 
Tad-stable subspace of V/ g • xq. Moreover, since the subspace g • xq of R is Tad-stable, 
there exists another Tad-stable subspace E of R such that V = g • xq © E. The restriction of 
the quotient map V —> L/g • xq to E is an isomorphism E —> R/g • xq of Tad-modules. We 
can take v to be the inverse image in E of [u] under this isomorphism. □ 


Proposition 2.6. Let j 6 G A and assume that v is a T^^-eigenvector in V of weight f> such that 
0 7 ^ [u] G (R/g-xo)^^o. Then 

(a) there exists x G IT such that Xa ■ v 0 and /3 — x G R"*" U {0}; 

(b) f G (E)z; 

(c) Xa • V e (X_(^_^) • XQ)£forall x G IT such that /3 — x G R+; 

(d) Xa • V = Ofor fl// X G n such that /3 — x ^ R+ U {0}. 


Proof Assertion (0) is a consequence in Lemma 2.17(c) of IIPVS12i . Let x G IT. Recalling 
that if Xft • u is nonzero, then it has Tad-weight f> — a, assertions (jaj) and (jdj) follow from 
Lemma 2.18 in loc.cit. Since the root operator X^ belongs to the Lie algebra of G^q, we have 
that Xa • V G g • Xq. Assertion ([c)) now follows from the fact that if the Tad-weight f> — oc 
occurs in g • Xq then the corresponding weight space is (X_('^_^) • xo)c- D 


Remark 2.7. Since we will frequently make use of it later, we note the following conse¬ 
quence of (jaj) and (0) in Proposition 12.61 if /3 is a Tad-weight hex {V/g • xq)^'‘q then 


( 2 . 6 ) 


0 7^/3 G (n)]N n (E)z. 


Theorem 2.8. Assume that v is a T^^-eigenvector in V of T^^-weight f such that 

0 7^ [u] G (V/g ■ Xo)^^o. 

Denote by s ^ H^{G • xq,Nxq\v)^ G-equivariant section defined by s(xo) = [uj. Let A be an 
element ofE which has codimension 1 and put Z = G • xg U G • (xq — Vx). Let a be the coefficient 
of X in the unique expression of f as a linear combination of elements ofE. 
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A) If a < 0, then s extends to an element ofH^{Z,J\fxf^\v)^- 

B) If a > 1, then s does not extend to an element of {Z, NXq\v)^ ■ 

C) Assume a = 1. Then the following are equivalent: 

i) s extends to an element of H^{Z,J\fxf)\v)^i 

ii) There exists v ^ V (A) such that [u] = [z)] as elements ofV/g-xo- 

The proof of Theorem 12.81 will be given in Section which starts on pageHOl Before 
that, we gather some general results on extending sections in Section I2.2[ The following 
is a synthesis of Proposition 12.41 and Theorem 12.81 

Corollary 2.9. Assume that v is a T^^-eigenvector in V of T^^^-weight f such that 

0 ^[v] e (V/q ■ xo)'^^o. 

Denote by s ^ H^{G • xo,J\fxg\v)^ G-equivariant section defined by s(xo) = [u]. Let 
(2.7) /3 = E «aA 

AeE 

be the unique expression of f as a Z-linear combination of the elements ofE. 

The section s extends to an element of {Xq, Mxq\v)‘^ if and only if for all A. ^ E of codimen¬ 
sion 1 we have 

- a\ A 1,' and 

- if ax = 1 then there exists v G V{\) such that [u] = [u] as elements ofV/g-xo- 

Remark 2.10. It follows from Proposition 12. 20l below that if s extends, then at most two of 
the ax in equation l2.7l are positive, irrespective of whether A is of codimension 1 or not. 

Example 2.11 (Luna). Let G = SL 2 x SL 2 , and E = {Ai, A 2 } with Ai = 2a;, A 2 = 4a; + 
2a;^ Here cv is the fundamental weight of the first component of G, and co' is that of 
the second component. Similarly, we will use a and a' for the simple root of the first 
and second component of G, respectively. Using Proposition 12.31 it follows that Vx 2 has 
a G-orbit of codimension 1 in Xq, while Vx^ has a G-orbit of codimension > 2. Hence by 
Proposition |2]4] for [w] G {V /g - Xq)^^o, the equivariant section of A/'xg|y on G • Xq induced 
by [za] extends to Xq if and only if it extends over G • Xq U G • Vx 2 - 

Denote by £ 1,^2 (resp. g\,g 2 ) a basis of where the first (resp. second) SL 2 acts in 
the standard fashion. A small calculation gives that the vector space {V/g - Xo)*^"'o is 3- 
dimensional with basis the classes mV / g • xq oi 

wi = e\e 2 , W 2 = e\® g\, wx = e\ + e\e\ ® g\. 

The vector w\ has Tad weight x = A\, and since zai G U(Ai) partO of Theorem l2.8l implies 
that the induced equivariant section extends to G • xq U G • Vx 2 r hence to the whole of Xq. 
The vector W 2 has Tgd weight 2x' = —4Ai + 2 A 2 , and partly of Theorem 12.81 implies that 
the induced equivariant section extends to Xq. The vector W3 has Tgd weight 2x = 2Ai, 
hence partlB) of Theorem l2.8l implies that the induced equivariant section does not extend 
to G • Xq U G • Vx 2 - We have shown that 

Tx,Ms = V(x) © U(2x') 
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as a Tad-module. We remark that to exclude the section induced by W 3 from TxgM^ we 
could not have used IIPVS121 Proposition 3.4], since condition (ES2) of that proposition is 
not satisfied for W 3 . 

We also remark that Luna has shown in an unpublished note from 2005 that this moduli 
scheme M 5 , equipped with its reduced scheme structure, is a union of two affine lines 
meefing in a point. It was the first example of a non-irreducible scheme M 5 . 


2.2. Generalities about extending sections. In this section X denotes a variety, in partic¬ 
ular it is reduced, irreducible and separated. Let > X be an algebraic vector bundle. 
Lor the proof of Theorem 12.81 in Section |Z3] we need fhe following general propositions. 
They are well known, but for completeness we provide proofs. 

Proposition 2.12. Assume that X is normal, that U C X is a nonempty Zariski open subset, 
and that / : Lf —)• C a morphism. If f does not extend to a morphism X —> C, then there exists 
p ^ X\U such that for every irreducible algebraic curve C C X with p ^ C and U nC 0the 
morphism f restricted toUCiC does not extend to a morphism C —> C. 

Proof We consider / as a rational function on X. Since / does not extend to a morphism 
X ^ C it follows thaf / is nof fhe consfanf function with value 0. Using that X is normal, 
there is a well defined divisor of poles of / and a well defined divisor of zeroes of /, see, 
e.g. HCLSlli Section 4.0]. Since / does nof exfend fo a morphism X —^ C the divisor of 
poles of / is nonzero, see, e.g. HCLSlli Propopsifion 4.0.16]. 

We fix a point p G X which is in the support of the divisor of poles of / buf nof in the 
support of fhe divisor of zeroes. To obfain a confradicfion, we assume fhaf fhere exisfs an 
irreducible algebraic curve C C X with p G C and Lf D C 7 ^ 0 such that the morphism / 
restricted to IT fl C extends to a morphism / : C —> C. 

Denote by g the rational function 1 //. The divisor of zeroes of g is the divisor of poles 
of / and the divisor of poles of g is the divisor of zeroes of /. Hence p is in the support 
of fhe divisor of zeroes of g and is not in the support on the divisor of poles of g. If 
follows that there exists a Zariski open subset W C X with p ^ W such that g defines 
a morphism y : W —> C with the property g{p) = 0. Denote by g : W D C —> C the 
restriction of g to W fl C. We have that W n Lf is a nonempty Zariski open subset of X. 
Since W n C 7 ^ 0 and Lf D C 7 ^ 0 we gef fhaf W D Lf fl C 7 ^ 0. Lor G W n Lf fl C we have 
{fg){cj) = {fg){y) = 1- Since W D Lf D C is dense in C if follows fhaf {fg){p) = 1 which 
confradicfs g(p) = 0. □ 

Example 2.13. If X = and f = x/y we can choose p = {a, 0) for any a G C \ {0}. 

Proposition 2.14. Assume that X is normal, that U C Xis a nonempty Zariski open subset, and 
that s G H^{U,£) is a section of the vector bundle £. If s does not extend to a section X E, then 
there exists p ^ X\U such that for every algebraic curve C C X with p ^ C and Lf fl C 7 ^ 0 
the section s restricted toll nC does not extend to a section C ^ E. 


Proof By the defining gluing properly of sections of sheaves, there exists a nonempty 
Zariski open V C X such that E restricted to V is trivial and s restricted to U fl Lf does not 
extend to a section over V. Hence we can assume, without loss of generalify, fhaf E is fhe 
trivial vector bundle. So assume f = X x C” —> X is the first projection. Let ci,..., be 
a basis of C” and define s, G H^{X,E) by sfx) = (x, Ci) for all x G X. There exist (unique) 
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morphisms : LZ —> C such that 


n 

s{u) = Y^fi(u)Si{u) 
i=l 

for all H G LZ. If each fi exfended to a morphism X —> C, it would then follow that s 
extends to a section X ^ £ which contradicts the assumptions. Hence at least one of the 
fi does not extend to a morphism. Using Proposition |2d2] there exists p G X \ Zi such that 
for every algebraic curve C C X with p G C and Zi D C 7 ^ 0, the morphism /, restricted 
to ZJ n C does not extend to a morphism C —> C. Asa consequence, s restricted to Zi H C 
does not extend to a section C ^ £. □ 

Assume now in addition that G is a connected linear algebraic group over C, X is a 
G-variety and n \ £ —> X is a G-vector bundle over X. This means that we are given an 
algebraic action p G x £ ^ £ such that 

p{g,v) G (7r(z;))) 

for all g G G, u G U and fhaf for fixed g ^ G and x G X the induced map 

7r~\x) ^ 7r~^(g ■ x), vh^p(g,v) 
is an isomorphism of vector spaces. 

While its proof is elementary, the following proposition implies that the section s of The¬ 
orem |Z 8 ]exf ends to Z if and only if if exfends along jusf one curve; see Proposition 12.161 

Proposition 2.15. Assume that X is normal, that U C X is a nonempty G-stable Zariski open 
subset such that X\U is a single G-orbit, and that s G H^(U,£)‘^ is a G-equivariant section 
U ^ £. Assume that there exists po G X \ Zi and an algebraic curve Go C X with po G Go and 
ZJ n Go 7 ^ 0 such that s restricted Zo Zi D Go extends to a section sq '■ Gq ^ £. Then s extends to 
an element ofH^{X,£)^. 

Proof. We first show that s extends to an element of H^(X,£), and then that the extension 
is G-equivariant. 

We assume that s does not extend to an element of H^(X,£), and we will gef a con- 
fradicfion. By Proposition 12.141 there exists p ^ X\U such that for every algebraic curve 
G C X with p ^ C and Zi (i G 7 ^ 0 the section s restricted to Zi (i G does not extend to a 
section G ^ £. Since X \ Zi is a single G-orbit, there exists g ^ G with g • po = p. 

Set G = {y • z; : z; G Gq} and define Z : G —> f by 

t{v) =g.soig~^-v) 

for z; G G. Since s is G-equivarianf we have Z| Lmc = s | unC/ hence Z is a section of £ over G 
which extends sIlthC/ contradicting the choice of p. 

We have shown thaf s extends to a section si : X ^ £. We claim that Si is G-equivariant. 
Indeed, define S 2 '■ X ^ £ hy 82 ( 0 ) = g • Si(g“^ • v). Since s is G-equivariant on Zi, we 
have that S 2 (u) = s(u) = Si(u) for all iz G Zi. As a consequence S 2 = Si, which implies 
that Si is G-equivariant. □ 


9 










2.3. Proof of Theorem 12.81 We start the proof of Theorem 12.81 Let A G E be of codimen¬ 
sion 1. For t G C, we put 

( 2 . 8 ) zt:=t-vx+ Y, 

?/6£\{A} 

Note that, because E is linearly independent, Zt ^ T • xq C G • Xq for t G C \ {0}. Moreover, 

(2.9) zo = Yj ^fi = xq- Vx) 

?/6£\{A} 

and G • zq has codimension 1 in Xq. 

Since Z = G • xq U G • zq is smooth, the restriction of the sheaf A/xg|v to Z is locally free. 
We denote by E —> Z the total space of the corresponding vector bundle. In particular the 
sections of the restriction of A/'xgiy to Z are naturally identified with those of E. 

Recall that s G H^{G • xq,E)^ denotes the equivariant section induced by v, that is 
s(xo) = N £ (V/9 ' Set Go = {zf : t G C}, and denote by s* the section of E over 

G • xo El Co defined by s*(zf) = s{zt). 

Proposition 2.16. The section s extends to an element of H^{Z,E)^ if and only if s* extends to 
a section of E over Cq. 

Proof If s* extends, then so does s by Proposition 12.151 The converse is obvious. □ 

For w ^ V we denote by s® G H‘^(Xo, A/xg|y) the global section defined by 

Su,{x) = [w] G V/TjcXq 

for all X G Xo. We will use for the Ead-weight space in V of weight f. Recall that, 
by Proposition 12.61 /3 is a nonzero element of (n)]N and that v G such that 0 7 ^ [u] G 
(y/ 0 -Xo)^^o. 

The idea of the proof of Theorem l2.8l is to find elements {i/; } in such that their images 
in V/Tz^Xq form a basis of the E^d-weight space of weight /3 in V/TzfXo for all f G C. It 
then follows that (the restriction to Cq of) the sections Sy. form a linearly independent 
subset of H^(Go,E), and that there exist fj G C(f) such that for all f G C \ {0} we have 

( 2 . 10 ) s*(zt) = J2fi(t)syfzt). 

i 

The section s* extends to all of Cq if and only if each fi(t) belongs to the polynomial ring 
C[f]. With the appropriate choice of the vectors {yi} the rational functions fft) are very 
simple; see Proposition 12.181 

By IIPVS12[ Lemma 3.3] EzqXq is the linear span of g • zq U If t is nonzero, then 

G • Zf is open in Xq, whence Ez,Xo = g • Zt, and Vx G Ez^Xq, by Remark |ZT1|^ . The image of 
under the projection V —)• V/Tz^Xo can naturally be identified with / {V^ ^Tz^XQ). 

Lemma 2.17. Assume t G C. If f is not a root, then n Ez^Xq = 0. If f is a root, then 
n EzfXo is equal to (X_^ • Zt)c, so it is either 0 or 1-dimensional. 

Proof Recall that EzjXq is equal to the linear span of g • Zf U {^a}- Using that u“ is spaimed 
by the set {X_.y: 7 positive root of G}, the lemma follows from the fact that Vx has E^d- 
weight zero (and so not equal to f) and that g • Zf = t • Zf © u“ • Zf. □ 
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Before giving the details of the remaining arguments for the proof of Theorem 12.81 we 
introduce some more notation for the remainder of this section. Put 

V, :=l/(A); V2:=®,,£E\{A)'"(f‘). 

Note that V = V 2 - Set n = dim + 1 and m = n — dim fi Vi. 

Because the summands Vi and V 2 of V are stable under the Tad-action, there exists 
a basis y 2 ,---,yn of such that yi G Pi V 2 for 2 < i < m and i/f G PVi for 
m + 1 < i < n. Since v ^ V^, there exist bi G C such that 

(2.11) ^ = E ^iyi- 

i=2 

Recall that a is the coefficient of A in the unique expression of j6 as a linear combination 
of the elements of E. 

Proposition 2.18. Let {y 2 ,ys,... ,yn} be a basis ofV^as above, and let bj be elements ofC such 
that the equality (12.IIP holds. For all f G C* zee have 

m n 

s{zt) = t-%Yj^iSyXzt)) + t-‘^^^{ ^ biSy^izt)). 
i=2 i=m+l 

Proof. By assumption, s is an eigenvector of weight f for the Tad-action i/j on H^{G • 
xo,£)^ = {V/Q • . Equivalently, s is an eigenvector (of weight described below) 

for the natural action of GL(y)‘^ on H^(G • described in IIPVS121 p. 1777] and re¬ 

called at the start of Section |2] above. 

Set D = E \ {A} and recall the map Gd : —> GL(\7)‘^ of IIPVS121 p. 1784]: for t G C^, 

the element Gd( 0 of GL(\7)‘^ is defined by Gd( 0 • (zci W 2 ) = twi + W 2 , tor all ivi G Vi 
and W 2 G 14. 

We now argue as in the proof of Part i) of MPVS12[ Proposition 3.4]. The homomorphism 
/ : T —^ GL(y)‘^ of (I2.3P is surjective (because E is linearly independent), and therefore 
the homomorphism /* : X(GL(y)^) —?• X{T),S 1 —)• S o f ot character groups is injective. 
Then d := is the GL(y)^-weight of s. Consequently 

s{zt) = s{(rD{t) ■ Xo) = ^(GD(f))“VD(f) • s(xo) 

= S{aD{t))~'^[(TD{t) -v] G V/Q-Zt. 

Since, by definition, a is the coefficient of A in the expression of j6 as a Z-linear combina¬ 
tion of the elements of E, we have that S{o'D{t)) = Consequently 

s{Zt) = •^^]- 

Taking into account that 

m n 

f^D(0 • ^ = E ^iyi + ^ E ^iyi- 


the proposition follows. 
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We prove part I3) of Theorem 12.81 Assume a < 0. Since the Sy. are sections defined 
over the whole Xq, Proposition 12.181 implies that s* extends to a section over Cq. Hence s 
extends to Z by Proposition 12.161 

For the rest of the proof we separate into five cases. Recall that Xq = ^a- 

Case 1: j6 is a root, X_^ -v^^O and there exists ^ G E \ {A} with X_^ -Vy^O. 

Case 2: /3 is a root, X_^ • = 0 and there exists ^ G E \ {A} with X_^ • Vy ^ 0. 

Case 3: j6 is a root, X_^ -Vx^O and X_^ •Vy = 0 for all ^ G E \ {A}. 

Case 4: /3 is a root, X_^ • = 0 and X_^ • Vy = 0 for all ^ G E \ {A}. 

Case 5: j6 is not a root. 

We first show that Case 3 and Case 4 caimot happen. Case 3 caimot occur, because it 
contradicts the assumption that A has codimension 1, by Proposition 12.31 Case 4 caimot 
occur, because /3 G (E)^ by Proposition 12.61 Indeed, if /3 is a root in (E)^, then {ji G 
E: (/3^, }i) 7 ^ 0} is nonempty and so X_^ • Xq 7 ^ 0- 

We now provelB) andO of Theorem l2.8l in Case 1. We begin by choosing an appropriate 
basis of V^. Put i/„ := X_^ • Vx, and let y 2 ,y^, - ■ ■ ,yq be the elements of 

in some order. Finally, extend j/a/J/S/- • ■ >yq>yn to a basis t/a/J/S/- • •/]/« of such that 
yi G V 2 when ^^ + 1 < i < m and yi G W when m + 1 < i < n — 1. 

Assume t G C. Since g • Zt C TzfXo, we have X_^ • zt G TzfXo. Hence there is, in 
Y the following equality 


( 2 . 12 ) 


[yi] = - E[yf] - Ayr. 

i=3 


Using Lemma l2.17l it follows that the classes, in U/ Tz^Xq, of 1/3,..., i/„ are a basis for the 
image of in V/TzfXo- In other words, the elements Sy.{zt), for 3 < i < n, are linearly 
independent for every t G C. 

Combining the relation (12.121) with Proposition 12.181 we get for all nonzero t that 


m 

(2.13) s{zt) = r‘‘{j^ibi-b 2 )sy^{zt))+ r% biSyXzt)) + 

i=3 i=q+l 

biSy^{Zt)) + r^+\bn-b2)Sy^{zt). 

i=m+l 

We now prove partlB]) in Case 1. Assume a > 1. We assume that s extends and we 
will get a contradiction. Since s extends we have that s* also extends. Since the set 
{sy. {zt): 3 < i < n} is linearly independent for all t G C, and —a + 1 and —a are negative. 
Equation (12.131) implies that bj = &2 for 3 < i < q and for i = n, and that bi = 0 for 
q + l<i<n — 1. Hence v = fc 2 (X_^ • xq), contradicting the assumption v ^ g - xq. This 
proves partO in Case 1. 

We now prove partO in Case 1. Assume that a = 1. Since —a + 1 = 0 and —a < 0, 
arguing similarly to the case fl > 1 we get that s* extends over Cq if and only if bi = &2 for 
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3 < i < q and bi = 0 for ^^ + 1 < z < m. If these conditions hold then v — v ^ q ■ xq, where 

w—1 

^ = E ^iyi + “ ^2)yn, 

i=m+l 

which is an element of Conversely, assume there exists r) G Vj with v — v G 0 • xq. 
Then v and v define the same equivariant section s of over G • Xq. Hence we can assume 
in Equation (12.111) that hi = 0 for 2 < z < m. As a consequence. Proposition 12.181 implies 
that s* extends, hence by Proposition 12.161 s also extends. This finishes the proof of part 
IQ of Theorem 12.81 in Case 1 . 

The arguments for the proof of |B]) and |C]) of Theorem 12.81 for Cases 2 and 5 are very 
similar to those of Case 1 so we only sketch them. 

In Case 2, we can choose a basis y 2 , yj,,... ,yn of with the following properties: 

- {y 2 , ys, • • • yJ : y G E, , y) ^ 0}; 

- yi G V 2 for y + 1 < z < zrz; and 

- yi G Vi for m + 1 < i < n. 

Then, for all f G C we have the following equality in V/Tzf (Xq): 

Vii] = - EIkI 

i=3 

and, similarly to Case 1, the elements Sy.{zt), for 3 < i < n, are linearly independent. 
Continuing as in the proof of Case 1 the result follows. 

In Case 5, we choose a basis y 2 ,...,yn of with the following properties: 

- yi G V 2 for 2 < i < m; and 

- yi G Vi for m + 1 < i < n. 

Then for all f G C the elements Sy. (zf), for 2 < i < n, are linearly independent. Continuing 
as in the proof of Case 1 the result follows. This finishes the proof of Theorem I2.8[ 

2.4. A few more facts about TxgM^. In this subsection we prove three more facts about 
Tad-weights fo TxgM^. Let /3 be such a weight, and let /3 = be the unique ex¬ 

pression of j 6 as a Z-linear combination of the elements of E. Proposition 12.191 guarantees 
that at least one of the zza is positive. Proposition 12.201 which is a consequence of a clas¬ 
sical result attributed to Kostant, bounds the number and size of positive coefficients a^. 
Finally, Proposition | 2 ] 2 T] gives a sufficient condition for /3 to be a simple root and describes 
the Tad-weight space of weight fi when the condition is met. The first two propositions 
do not use our extension criterion (Theorem 12.81) , while the third one does. 

Proposition 2.19. Let (ibea T^^-weight in {V/q - Then there exists a simple root a such 

that {x^,^) > 0. Consequently, if ^ the unique expression of ^ as a Z-linear 

combination of the elements ofE, then there exists A G E with , A) > 0 and a^ > 0. 

Proof. This follows by a standard argument from the fact, recalled in Proposition |2^ that 
/3 is a nonzero element of (n)]^. For completeness, we include the details. Recall that we 
can equip the vector space A^ (E>z where A^ = (n)^ is the root lattice, with a positive 
definite irmer product (• | •) such that for all zr G H and all 7 G A^, we have that (zr'^, 7 ) 
is a positive multiple of {x \ 7 ), see e.g. |TY05i §18.3 and §18.4]. 
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Since fi is an element of (n)]N there exists, for every a; G IT, a nonnegative integer 
such that /3 = Eaen Since fi ^ 0, we know by the positive definiteness and the 
bilinearity of (• | •) that 

(2.14) 0 < (/i I /i) = n,(« I P). 

aen 

It follows that there is some a; G H for which (a; | /3) > 0, whence {oc'^,fi) > 0, which is 
what we had to prove. □ 

Proposition 2.20. Let ^be a T^^-weight in TxgM 5 . If ^ = Eaee is the unique expression 
of f as a X-linear combination of the elements ofE, then the sum of the elements of the set 

{ax : A G £ and a^ > 0} 

is at most 2. 


Proof This is a consequence of the following fact, attributed to Kostant (see, e.g., PTimlll 
Proposition 28.6]): the ideal I = I{Xq) of the subvariety Xq of V is generated by the 
intersection, which we denote by h, of I with the subspace C [y] 2 of polynomials of degree 
2 in C [y]. If we number the elements of E as { Ai, A 2 , ..., Ap }, then 

(2.15) C [\/]2 = [©LiS2y(A0] © [©i<i<;<pl^(A,-) © V{\j)] 


as G-modules. 

It is shown in IAB051 (and reviewed in IIPVS121 Section 2.1]) that because E is linearly in¬ 
dependent M 5 can be identified with an open subscheme of the invariant Hilbert scheme 


Hilb^(H). It therefore follows from |AB05i Proposition 1.13] (and its proof) that we have 
natural isomorphisms 


(2.16) Tx,M 5 41 Homgp^y/E.CfXo]) 41 Hom‘;|^,](J,C[V]//). 

Recall from iPVS12i Section 2.2] that, as reviewed at the start of Section above, the 
Tad-action on Tx^M^ = Homqyj(7,C[H]/7) is induced by the action of GL(H)‘^ on V, 

using the homomorphism f : T ^ GL(H)‘^ of (12.3|) on pagein The GL(H)‘^-action on 
Hom^jyj(7,C[H]/7) induced by the GL(H)‘^-action on V is given by 


{t-p){h) =t-p{t ^ -h) 


for p G Hom^jyj(7,C[H]/7),f G GL(H)^ and h ^ 1. Glearly, p is completely determined 
by its restriction to I 2 , since I 2 generates 7 as an ideal. Being G-equivariant, p sends each 
irreducible G-submodule M of I 2 to 0 or to a G-submodule of C[V]/I isomorphic to M. 
Since C[V]/I = C[Xo], the G-module structure of this algebra is given by 


C[li]// 41 = ©(i,,)eNil'(i;biA*). 

1 = 1 

Moreover, as stated in the first paragraph of the proof of IITimlll Proposition 28.6], V (X^, A*) C 
C[V]/I is the image of © • • • © S^pV{\*) C C[V] under the quo¬ 

tient map C[H] ^ C[V]/I. It follows that f = (fi,f 2 ,.. .,fp) G GL(H)‘^ acts on x G 
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V{E,b^\*)CC[V]/Ihy 

(2.17) = 

since 1 1 —)• is the character by which GL(y)‘^ acts on S^i\7(A^) ( 8 >S^ 2 \/(^|) ^ 

...^S^pV(A*). 

Now, suppose that p is a Tad-eigenvector in Hom^jyj(7, C[y]/7) of weight /3, and let 
/3 = ‘^i^i be the expression of j6 as a Z-linear combination of the elements of E. The 

homomorphism f : T ^ GL(y)‘^ in (I2.3D on pagej^relafes the Tad-action to the action of 
GL(y)‘^. Since fi G (E)z and E is linearly independenf there exists a unique character S of 
GL(y)‘^ such fhaf S o f = ^. If t = (fi, .. .,tp) G GL(y)‘^, then 3 {t) = ■ ■ ■ tp’. More¬ 
over, S is the GL(y) ‘^-weight of p, which means that for t = (fi, tp) G GL(y)‘^, we 

have 

(2.18) f ■ P = t‘p p- 

Since p 7 ^ 0 there exists an irreducible submodule M of I2 and an elemenf E of M such 
thaf p{h) 7^ 0. Because I2 G C[y] 2 , it follows from the decomposition (12.151) that there 
exist i,j G {1,2,... p}, not necessarily distinct, such that for t = {t\,t2, ■ ■ ■ ,tp) G GL(y)‘^ 
we have 


(2.19) t • h = t- ^h, 

since this is the action of GL(y)^ on C[y]2- Since p(M) 7^ 0 , there exists (bj) G such 
thatp(M) = V{Ztib:^D ^ C[y]/7. 

We then have for all t = (ti,.. .,tp) G GL(y)‘^ thaf 


( 2 . 20 ) (t-p){h) =t-p{r'^-h) 

( 2 . 21 ) = ...tp ^^{p(titjh)) 

( 2 . 22 ) =Utjt-^H-^\..tp^^{p{h)) 


where the second equality uses equations (I2.17|) and (12.191) and the third equality uses 
the C-linearity of p. The proposition now follows from comparing (I2.22|) with equation 
(l 2 T 8 b . □ 


Proposition 2.21. Eet (ibea T^^-weight in TxgM 5 . If there exists A G E satisfying the following 
two properties: 

- A is of codimension one; 

- A has a positive coefficient in the unique expression of f as a linear combination of the 
elements of E; 

then f is a simple root. Moreover {ffi^,A) 7 ^ 0 and the T^^-weight space in H^{Xq,Nxq\v)^ — 
TxgM^ of weight f> is spanned by the section induced by [X_pV\] G {V/q - xo)^''o. 

Proof. Since /3 is a Tad-weight in TxgM^ ~ H°(Xo,A/'xo|v)‘^, there exists v e V of Tad- 
weight /3 such that [u] is a nonzero element of (\7/g • Xo)*^''o and such that the correspond¬ 
ing section in 77‘^(G • ^O/A/xg|v)*^ extends to Z = G • xq U G • (xq “ ^a)- By Theorem l 2 . 8 IICl) . 
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we may assume that v (A) C V. To get a contradiction, we assume that fi is not a sim¬ 
ple root. Then, by Proposition 12.61 there exists a simple root oc such that /3 — a is a positive 
root and 

(2.23) 0 7^ Xa • z; G (X_(^_^)Xo)c- 
Because v G V{\), we have that 

(2.24) Xa-v^V{\). 

On the other hand, because A is of codimension one, there exists X' G E \ {A} such that 
((/3 — ciY,X') 7 ^ 0. Consequently, the line (X_(^_^)Xo)c has nonzero projection on V{X'). 
We have shown that (12.231) and (|2.24|) are in contradiction. That is, we have shown that j6 
is a simple root. 

By elementary highest weight theory, the Ta^-weight space of weight j6 in V{X) is 
{X_^Vx)c- This implies the second assertion. □ 

3. Proof of Theorem 11.21 

In this section, we prove Theorem II.21 through case-by-case verification: we verify that 
the theorem holds for each saturated indecomposable spherical module in List B.ll below. 
The definition of 'saturated' and 'indecomposable' can be found in IIKno98[ Section 5] or in 
IIPVS12i Definition 4.1]. The eight families (Kl), (K2), (K3), (K15), (K16), (K17), (K18) and 
(K21) were the subject of IIPVS121 Section 5]. Each subsection of this section corresponds 
to one of the remaining families in the list: the proposition in each subsection asserts that 
Theorem [L2] holds for the family under consideration. 

List 3.1 (Knop's List ||Kno98i Section 5]). The saturated indecomposable spherical mod¬ 
ules (G, W) are 

(Kl) (GL(m) X GL(n),C'” G>C”) with 1 < m < n; 

(K2) (GL(n),Sym^C”) with 1 < n; 

(K3) (GL(n), A^C”) with 2 < n; 

(K4) (Sp(2n) X with 1 < n; 

(K5) (Sp(2n) X GL(2),C2« ® C^) with 2 < n; 

(K6) (Sp(2n) X GL(3),C^” C^) with 3 < n; 

(K7) (Sp(4) xGL(3),C4®C3); 

(K8) (Sp(4) X GL(n),C'^ C") with 4 < n; 

(K9) (SO(n) X C^,C”) with 3 < n; 

(KIO) (Spin(lO) X C^,Ci6); 

(Kll) (Spin(7) X C'',C^); 

(K12) (Spin(9) X C^,Ci6); 

(K13) (G2XCAC7); 

(K14) (E6XCAC27); 

(K15) (GL(n) X C^, C” © C") with 4 < n; 

(K16) (GL(n) X C^, A^ C” © (C”)*) with 4 < n; 

(K17) (GL(m) X GL(n), (C"" © C") © C") with 1 < m,2 < n; 

(K18) (GL(m) X GL(n), (C'« © C") © (C”)*) with 1 < m,2 < n; 

(K19) (Sp(2n) xC'' x © C^”) with 2 < n; 
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(K20) ((Sp(2n) X C^) X GL(2), (C^” ® C^) © C^) with 2 < n; 

(K21) (GL(m) X SL(2) x GL(n), (C'” © C^) © (C^ © C”)) with 2 < m < n; 

(K22) ((Sp(2m) xC^) x SL(2) x GL(n), © C^) © (C^ © C”)) with 2 < m,n; 

(K23) ((Sp(2m) x C^) x SL(2) x (Sp(2n) xC^), © C^) © (C^ © C^")) with 2 < 

m,n; 

(K24) (Spin(8) x C'' x C^,C^ ©C^). 


Remark 3.2. The indices m and n in family (K17) and family (K18) run through a larger 
set than that given in Rnop's List in IIKno98l . Knop communicated the revised range of 
indices for these families to the second author. We remark that these cases do appear in 
the lists of l|Lea98l and IBR961 . In the family (K9) we suppose that n > 3, whereas in 
|Kno98l it is required that n > 2. This correction to (K9) was already made in the revised 
version of IIKno98l available on Knop's website. 


In the rest of the present section, we will use the same notations as in IIPVS12[ Section 
5]: in each subsection, (G, W) will denote a member of the family from List 13.11 under 
consideration. Given such a spherical module (G, W), 


- E denotes the basis of the weight monoid of (G, W*) (the elements of E are called 
the 'basic weights' in iKno981 ); 

- V = ©A6£V(A); 

- •^O = Ea6£ W- 

Except if stated otherwise, G will denote a coimected subgroup of G containing g' such 
that {G,W) is spherical. Recall that such a group G is necessarily reductive. To lighten 
notation, we will use G' for the derived subgroup G of G. This should not cause confu¬ 
sion since (G, G) = (G, G) = G'. We will use p for the projection from the weight lattice 
of G to the weight lattice of G' (where we fix the maximal torus T D G' of G'). We will use 
CO, oo', co" for weights of the first, second and third non-abelian factor of G, while e will 
refer to the character )-zofC^. 


Remark 3.3. Let (G, W) be a spherical module in Knop's List and let G be a coimected 
subgroup of G containing G . Theorem 5.1 in PKno98i gives a criterion which character¬ 
izes, in terms of the center of G, whether (G, W) is a spherical module: (G, W) is spherical 
if and only if the center of G separates the weights in a certain subspace a* fl 3 * of the dual 
of the Lie algebra of the maximal torus of G. The tables in IIKno98i give an explicit basis 
of a* n 3 * for every spherical module (G, W) in Knop's List. 


Remark 3.4. (a) We recall from IIPVS12[ Remark 5.4] that the T^^j-weight set we obtain be¬ 
low for each TxgM^ is a basis of the monoid —WoLy^, where wq is the longest element 
in the Weyl group of G (instead of —Ew as in Theorem II.II where the Tad-action from 
iAB05i was used). 

(b) As explained in IIPVS12[ Remark 5.6], the computations of the T^d-weight sets of 
TxqM^ we perform in this section confirm Knop's computation in iKno98l Section 
5] of the "simple reflections" of the little Weyl group of the spherical modules under 
consideration. 
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3.1. (K4) The modules (Sp(2n) x C^,C^”) with 1 < n. Here 

E = {oji + e}; 
dy^ = 0 . 

We will make use of the following general lemma to treat this case, as well as the cases 
(K9), (Kll) and (K13) below. 


Lemma 3.5. Let G be a connected reductive group and let W be a spherical G-module. If E* is 
the basis of the weight monoid »S(W) ofW and xq = ^ © A 6 £^('^)/ dimW = 

dim g • Xq. 


Proof This follows from IJR09 Proposition 1.1] using the fact that Xq = G • xq W have 
the same weight monoid. □ 

Applying this lemma to the modules W in the family (K4) yields the following propo¬ 
sition. 


Proposition 3.6. The vector space V/g • xq is zero-dimensional. In particular, dim(lA/g • 
xo)‘^^o = dyy. Gonsequently, dimTxgM^ = dvv- 

Proof Since H ~ W and, by Lemma 13.51 dim g • xg = dim W, we have that V/g • xq = 

{ 0 }. □ 

3.2. (K5) The modules (Sp(2n) x GL(2),C^” C^) with 2 < n. Here 

E = {cVi Cvf CV 2 + CV2, ^2}' 

dyy = 2 . 

Proposition 3.7. The T^^-module {V/g- xg) ""o is multiplicity-free and has T^^^-weight set 

-j- © 2(5 © 

where (5 = 0 ifn = 2 and ^ = X 2 © X 3 © ... © x„_i ifn > 2. In particular, dim(\A/g . xg) ""o = 
dyy. Gonsequently, dim TxgM^ = dyy 

Proof Note that G' = Sp(2n) x SL(2). Consider the G'-module V' := V{coi © co[) © 
V{co 2 ) and its element Xg = © Vco 2 - Observe that G^^ = Gf. Since Vico'f) is one- 

G^ G^ 

dimensional, we have that (PVgO Xg) ^0 ~ (H/g • xg) ^0 as Tga -modules. 

Recall that p is the projection from the weight lattice A of G to the weight lattice of G^ 
The monoid p{{E)]^) = {coi © cv[,cv 2 )k is tree and G'-saturated. By IBCFOSl Theorems 

3.1 and 3.10], {V'/g' • Xgj'^^o is multiplicity-free and its ©ad-weights belong to Table 1 in 

IBCFOSl page 2810]. By Proposition 12.61 the ©ad-weights of {V/g' • Xg)*^*o also belong to 
Ax n {coi © a;j^,a; 2 )z- A straightforward computation shows that 

(3.1) Ax n ((Ui © (x/f m2)z = (^1 © 2(5 © x^, xi © x')x 

Observe that the support of each of the two generators of Ax D {coi © co[,co2)x m equa¬ 
tion 13.11) contains a simple root not in the support of the other generator. Because the 

©ad-weights of {V'/g' • Xg) *0 are linear combinations of the simple roots with positive 
coefficents, it follows that they belong to (xi © 2(5 © x„,xi © x')]^. One checks that for 
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n > 2, the only r^d-weights in IBCF081 Table 1] satisfying this requirement are oci + ol' and 

Di\ T 25 T Oiyi- 

For n = 2 there is a third T^d-weight that satisfies it, namely 7 := 2ol\^ 2ci2- The weight 
7 occurs in V', with multiplicity one. More precisely, this T^d-weight space is a line Cu in 


^{<^ 2 ) ^ ■ We claim that [y] G does not belong to 


. We prove the claim 

by contradiction. Indeed, since 1 x 2 is the only simple root such that 7 — 0:2 G U {0}, we 




G' 


have that 0 7 ^ [y] G j ° would, by Proposition 12.61 imply that Xa .2 • u is a nonzero 
element of • Xq)^. This is absurd since • Xq has nonzero projection onto 

the component V (mi + co'i) of V' and the claim is proved. 

We have shown that {V/q • xq) ^0 is multiplicity-free and that its T^d-weight set is a 
subset of the one in the statement of the proposition. Since Proposition 2.5(1) of MPVS12I 
tells us that dimTxgM^ > dyv and Corollary 2.14 of loc.cit. says that Tx^M^ C {V/q • 
^ 0 ) / the proposition follows. □ 


3.3. (K 6 ) The modules (Sp(2n) x GL(3),C^” C^) with 3 <n. For these modules, 

E = {Ai, A2, A3, A4, A5, A6}; 
d\/\i = 5, 

where 

Ai '.= mi -|- mi^ A 2 '= m 2 -l- (^ 2 ' ^3 ^3 a^3' 

A4 '.= CO2'/ A5 := mi -|- co^', Ag ;= m2 -|- mi -|- m3. 

We remark that G = G is the only coimected group between G^ and G for which these 
modules are spherical, cf. Remark 13.31 Therefore, we assume thaf G = G = Sp(2n) x 
GL(3) throughouf this section. 

In this section we will prove the following proposition. 

Proposition 3.8. The T^^-module Tx^M^ is multiplicity-free. Its fr^^-iveight set is 

(3.2) ^ 2 / ^2 T 7' ^ 1 ' ^ 2 }' 

where j = 1 x 3 if n = 3 and 7 = 2 ( 0:3 -|- 0:4 ccn-i) + (Xn if n > 3. In particular, 

dim TxgMg = dw 

Proof Let /3 be a T^d-weight in Tx^M^. It follows from Proposition 12.191 that at least one 
A G E has a positive coefficient in the expression of j 6 as a Z-linear combination of el¬ 
ements of E. Note that all elements of E except A 3 have codimension 1. In particular, 
if A 7 ^ A 3 , then it follows from Proposition 12.211 that f> is a simple root belonging to the 
set (13.21) , and that its weight space has dimension one. 

Since dirnTx^M^ > d^ by IIPVS12[ Proposition 2.5(1)], what remains to prove the 
proposition is to show the following three claims: 

Claim A: if A 3 is the only element of E which has a positive coefficient in the expres¬ 
sion of fr then f = 1 x 2 + "filn >3 and f G { 0:2 -|- 7 , 2 x 2 + 27 } if n = 3. 
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Claim B: suppose n = 3; the Ta^-weight fi = 2(X2 + 27 does not occur in (V/g • 
Xo)^^o^ and therefore also not in the subspace Tx^Mg. 

Claim C: the Tad-weight j 6 = ^2 + 7 has multiplicity at most one in TxgM^. 

We begin with Claim A. Recall from Proposition |2^ that /3 G (E)z H (n)]N. Straightfor¬ 
ward computations show that 

(3.3) (E)z n Ax = {o-i, 0 L 2 , od-Y, ^2, 7)z 

and that 

(Xi = Ai A5 — A5; 

1X2 — A2 -|- A5 — Ai — A3 — A4; 

= A4 A A5 — A5 — A2/ 

Ci 2 A2 A A4 — A^/ 

7 = 2A3 A A4 A A4 — A5 — A2 — A5. 

Let K be the basis of (E)z H Ax given in equation (I3.3D . Since /3 G (n)]^ and all elemenfs 
of K confain a simple roof in fheir support, that is not in the support of any ofher elemenf 
of K, if follows thaf /3 G (R)]n- Therefore, there exist Aj, A 2 , ..., A 5 G N such that 

(3.4) j 6 = Aitxi A A2(X2 a ^ 3^4 A A 4 ft ;2 A A57. 

From the hypothesis of Claim A, it follows fhaf 


(3.5) 


A4 — A2 A A3 A A5 A 0; 

A2 — A3 A A4 — A5 < 0; 

< —A2 A A4 A A5 A 0^ 

Ai — A3 — A5 A 0; 

^ —A4 A A2 A A3 — A4 — A5 A 0. 


Adding fhe firsf fwo inequalities in ( 13 . 51 ) yields fhaf Ai = A4 = 0 . Then adding fhe 
first and the last gives that A3 = 0 . After substituting these values into the first and last 
inequalities, we deduce that A2 = A5. It follows thaf /3 G (a;2 A 7 )n- Using that /3 is 
the sum of a simple root and an element of R+ U { 0 } (see Proposition 12 . 61 ) it follows that 
/3 = a;2A7ifn>3 and that j6 G {0:2 A 7,20:2 A 27} if n = 3 , This proves Claim A. 

We proceed fo Claim B. Lef n = 3 and fix fi = 2 x 2 A 27 = 2a;2 A 20:3. One deduces from 
the well-known decompositions into T-weight spaces of V(coi), ¥{002) and V{co3) that 
the Tad-weight space in V of T^d-weight j6 is a line Cu in V (A3) C V. We prove Claim B 
by contradiction. Indeed, since 0:3 is the only simple root such that 7 — 0:3 G R+ U { 0 }, we 
have that 0 ^ [u] G (V/g- Xo)^’'o would, by Proposition 12.61 imply that • u is a nonzero 
element of • Xq)£. This is absurd since • xq has nonzero projection onto 

the components V (A2) and V (A^) of V. Claim B is proved. 

Finally, we show Claim C. We fix /3 = 0:2 A 7. We will show thaf the T^d-weight fi 
has multiplicity at most one in (V/g ■ xo)^^o. Since TxgM^ C (U/fl • xo)‘^^o, this implies 
Claim C. First off, we claim thaf the T^d-weight fi only occurs in V(A2), ¥{2^3) and in 
¥ (Ag). Indeed, fi belongs to the root lattice of Sp( 2 n), and does nof occur as a T^d-weight 
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in V{(x)\). Let Z be the subspace of V{\ 2 ) © ^(^ 3 ) © consisting of Tad-eigenvectors 

V of Tad-weight fi that satisfy the following three conditions: 

(3.6) X «2 • u G (X_(^_^ 2 )^o)c; 

(3.7) X «3 • z; G (X_(^_^ 3 )Xo)c; and 

(3.8) X„^-z; = OforallfcG {1,2,...,n} \ {2,3}. 


Since a = 0 i 2 and a = Oi^ are the only simple roots such that fi — a ^ X+ U {0} it follows 
from Proposition 12.61 fhaf every v ^ such that 0 7 ^ [u] G {V/q - Xo)*^"'o satisfies (I3.6|l . 
(13.71) and (13.81) . To show Claim C if is therefore enough to prove that 


(3.9) 


dimZ < 2 , 


since the nonzero vector X_^ • xq belongs to g • xq D Z. 

To prove the inequality (13.91) we will make use of the explicit description of 5 p( 2 n) and 
ifs roof operators given in the proof of IIGW09i Theorem 2.4.1], as well as fhe nofations 
therein. In particular, we have a basis {ei, e 2 ,---, e.n, e-i, £- 2 / • • • / S-n} of C^” and a Z-basis 
{ei, £ 2 , ...,£«} of the weight lattice of Sp(2n) such thaf has weighf £j and has weight 
—£fc in the defining representation of Sp(2n) on C^”. In ferms of the basis {£ 1 , £ 2 ,...,£«} 
of the weight lattice, the simple roots of Sp(2n) are a, = £/ — £,+i for i G {1,2,..., n — 1} 
and Xn = 2en- Moreover, for each roof S we have a roof operator X^ G sp(2n)‘^. In view 


of conditions (13.61), (13.71) and (13.81) we will make use of the root operators associated to the 
simple roots and to the negative roots — (j 6 — ^ 2 ) = — 2£3 and — (j 6 — X 3 ) = —£2 — £ 4 . The 
action of these operators on the given basis of the defining represenfafion C^” of Sp(2n) 
is as follows: 

(3.10) 

Xft; • — 1 

f £;■ if k = i + 1} 

[0 if fc ^ {i, —i 

for i G {1,2,... ,n — 1}; 

} 

(3.11) 

Xa„ '6^=1 

\ Cn ifk= —n; 

1^0 ifk ^ —n; 


(3.12) 

X-2e,- - 6^=1 

f iik = i- 

[0 iflcT^z 

for i G {1,2,... ,n}; 

(3.13) 

X— £;—£y ' = N 

[ if k = i; 

e-i ifk = 

where f < i < j <n; 


[0 

Note that 

|6 = ^2 + 7 = -COl + CO3 = £2 + £ 3 - 

We now identify the weight spaces of this T^d-weight in the representations V(co 2 ) and 
V{co 3 ) of Sp(2n). A vector in V{co 2 ) has T^d-weighf /3 if and only if if has T-weighf 002 — 
/3 = £1 — £ 3 . We identify V ( 022 ) with the sub-Sp(2n)-representation of with highest 

weight vector A 62 - Then the T-weight space in V(co 2 ) of weight £1 — £3 is the line 
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spanned by 

(3.14) ei A g— 3 . 

A vector in V{co^) has Ta^-weight fi if and only if it has T-weight 00 ^ — ^ = e\. As is 
well-known, V[co^] is the irreducible component of the Sp(2n)-module A^C^” generated 
by the highest weight vector ci A ^2 A 63 . In the larger module A^C^” the T-weight space 
of weight ei is sparmed by the following vectors 

(3.15) ei A 62 A 6 - 2,61 A 63 A 6 - 3 ,..., 61 A 6 „ A 6 _„. 

It follows from the previous paragraph that if u G Z, then there exist Ai, A 2 G C and 
B 2 , B 3 ,..., G C such that 

n 

(3.16) z; = Ai (61 A 6-3 Z) ) + A 2 ( 6 i A 6-3 (g> Bfc( 6 i A 6 ^ A 6 _fc ® )• 

k=2 

Straightforward computations using the root operators show that conditions (13.61) , (13.71) 
and (13.81) imply that 

(3.17) Ai = A 2 = -B3 + B4; 

(3.18) B 4 = B 5 = ... = Bfi- 


This implies that dim Z < 3. Note that the vector vi ® G A^C^” (8> V where 


Vi 


n 

^ 61 A 6 fc A 6 _fc, 

k=2 


satisfies the equations (|3.17|) and (|3.18|) . It is straightforward to check that Vi is a highest 
weight vector. It follows that Vi is an element of the Sp(2n)-stable complement to V{cos) 
in A^C^”. Consequently, the line sparmed by z^i (Z> z;^/ is not contained in Z, and dim Z < 
2. This proves Claim C, and the proposition. □ 


3.4. (K7) The module (Sp(4) x GL(3), C"^ (Z> C^). For this module we have 

E = (^ 4 , (m>2 0^2' ^2' ^3' ^2. T T ^ 3 } 

dvv = 4. 


Proposition 3.9. The T^^-module Tx^M^ is multiplicity-free. Its fr^j^-iveight set is 
(3.19) {(Xi,0i2,0i[,0i2}. 

In particular, dim Tx^M^ = dw 


Proof. Let /3 be a Tad-weight iri TxgM^. It follows from Proposition 12.191 that at least one 
A G £ has a positive coefficient in the expression of j 6 as a Z-linear combination of el¬ 
ements of E. Note that all elements of E have codimension 1. It follows from Propo¬ 
sition 12.211 that j 6 is a simple root and that its weight space has dimension one. Since 
the set (13.191) contains all simple roots of G, we can conclude that /3 belongs to this set 
and that dim TxgM^ < d^. The proposition now follows from the a priori estimate 
dim TxqMc > dw/ see IIPVS12[ Proposition 2.5(1)]. □ 
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3.5. (K8) The modules (Sp(4) x GL(n), <S) C”) with 4 < n. We put Ai = cui + co[, A 2 = 
<^2 + <^ 2 ' = ^2' ^4 = + <^ 3 / A 5 = 0^2 + + coj, ^6 = ^^ 4 - Then 

E A4, A2/A3, A4, A5, A^l^, 
dyg = 5. 


Proposition 3.10. Tlze T^^-module TxgM^ is multiplicity-free. Its T^^-weight set is 
(3.20) {ai,(X2,a[,(X2,a3}. 

In particular, dim Tx^jM^ = d^. 


Proof. Let /3 be a T^d -weight in Tx^M^. It follows from Proposition 12.191 that at least one 
A G E has a positive coefficient in the expression of j6 as a Z-linear combination of el¬ 
ements of E. Note that all elements of E except X(, have codimension 1. In particular, 
if A 7 ^ A6, then it follows from Proposition 12.211 that f is a simple root belonging to the 
set (13.201) , and that its weight space has dimension one. 

Consequently, to prove the proposition, what remains is to show that i\.Q caimot be 
the only element of £ which has a positive coefficient in the expression of j 6 as a linear 
combination of the elements of E. 

Note that g' = Sp(4) x SL(n) and therefore that dimG/G^ = 1. For n = 4 the only 
coimected group between G and G, for which W is spherical, is G = G. On the other 
hand, if n >4, then there are two such groups: G = G and G = g'; cf. Remark 13.31 
Straightforward computations show that 


(3.21) 

where 


(E)z n Ar 


{oci, Ci 2 , ^ 2 , ^ 3)2 if G = G orn is odd orn = 4; 

{(Xi, 0 . 2 , O 2 , cdy 7 )z if G = G^ and n is even and n > 4 


(3.22) 7 — ip — 4l)o^ (ji — 5)^:5 + ... + 2.o^_2 

Let K be the basis of (E)z D Ar in equation (I3.21|) . Since f G (L[)]n and all elements of K 
contain a simple root in their support, which is not in the support of any other element of 
K, it follows that f G (R)n- We have the following equalities: 


Oi — Ai A4 — A5^ 

02 = A2 -|- A5 — A3 — Ai — A4; 

= Ai A5 — A4 — A2^ 
ft:2 ~ A2 “1“ A3 — A5^ 

(^3 = A4 + A5 — A5 — A4 — A2; 

n — 4 

7 = (n — 3 )A 6 - - —[A4 + A5 — Ai — A2 A3]. 

As one easily sees, 7 is the only element of R in which A(, has a positive coefficient. Con¬ 
sequently, the Proposition follows from equation ( 13 . 211 ) for G = G, for odd n and for 
n = 4. 

We now assume that G = G , that n is even and at least 6 and that Ag has a positive 
coefficient in f. We will come to a contradiction. Our assumptions imply that 7 has 
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a positive coefficient in the expression of j 6 as an N-linear combination of the elements 
of K. Recall from Proposition 12.61 that fi is the sum of a simple root and an element of 
R+ U {0}. By equation (I3.22I) this is only possible if n = 6 and if fi is one of the following 
three elements of {K)f^: 

j 6 i ;= 1 X 2 'y'/ 

^2 •= + ^3 + 7; 

h ■= ^3 + 7- 

Since /3i = Ai + 27^ — A 4 and fii = ^2 + '^^6 ~ ^ 5 , it follows that /3 caimot be either 
of them by Proposition 12.201 Finally, ^ = ^3 is not possible because if u G with 
0 7 ^ [y] G {y /q - then it follows from Proposition 12.61 that X^/ • y is a nonzero 

element in • xo)c/ since is the only simple root such that /Is — ^4 G R+ U {0}. 

Since • xq has nonzero projection on V(A 4 ), so does v, but fij does not occur as 

a Tad-weight iri R(A 4 ) as follows immediately from the well known list of T-weights in 
V{co'^). This completes the proof. □ 

3.6. (K9) The modules (SO(n) x C^,C") with 3 < n. For these modules 

E = {(U 4 + e, 2e}; 
dvv = 1- 

Proposition 3.11. The T^^-module {V/g- xq) is one-dimensional. Its weight is 

2 (Xi + 2^2 + ... + 2 T ^(h/2)—1 ~E ^n/2 if ^ is even) 

2 x 4 T 2^2 T ... T 2 x^j 2 _ 4 ^ 12 if n is odd. 

C' 

In particular, dim(R/g • xq) ""o = dw- Consequently, dimTxoM^ = dw. 

Proof. Observe that diml/ = dim W + 1, since V(2e) is one-dimensional. Since dimW = 
dim g • Xq (by Lemma 1331) , this implies that dim V/g • Xq = 1. Since dy^ = 1, this implies 

that dm\{V /g • = 1 by IIPVS12[ Proposition 2.5(1) and Corollary 2.14]. 

G^ 

We now find the T^d-weight of {V/g • xq) ’' 0 . Using the well-known T-weight space 
decomposition of the G-module V(coi s) ~ C” O Cg, the fact that V( 2 s) C g • xq and 
|PVS12i Lemma 2.16(4)], one readily checks that the one-dimensional Tad-module V/g- xq 
has the Tad-weight given in the proposition. □ 

3.7. (KIO) The module (Spin(lO) x C^,C^^). Here 

E = {023 s,cvi 2£}; 

dyy = 1. 

G^ 

Proposition 3.12. The T^^^-module (V/g - xq) "'o is one-dimensional. Its weight is 

0i2 -\- 2X3 -\- X4 -|- 2X5. 

G^ c 

In particular, dim(U/g • xq) ""o = dw- Consequently, dirnTx^M^ = dyy. 
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Proof. Recall that p is the projection from the weight lattice A of G to the weight lattice of 
G' = Spin(lO). We first observe that W = V{co 5 + e) is spherical for G' = Spin(lO) (cf. 
Remark 133 and that its weight monoid p{S) is G'-saturated. By IIPVS12[ Corollary 2.27] 

it follows that dim(R /0 • Xq) "'o = dw- 

While we do not need it for Theorem 11.21 we give a proof of the claim that the Taj- 
weight of (R/g • xq) is ^2 + 2 x 3 + X 4 + 2 x 5 . A straightforward calculation shows that 

(3.23) p{{E)x) n Aj^ = (2xi + X2 — X5, — 2xi + 2 x 3 + X4 + 3x5)^ 

(3.24) = {f>i,f>2)x- 


where j6i = X2 + 2 x 3 + X4 + 2 x 5 and f >2 = 2xi + 2 x 2 + 2 x 3 + X4 + X5. If /3 is a Tad-weight 
occurring in (R/g • Xg) ^ 0 , then, by Proposition 12.61 


(3.25) /3 G (n)]N n p((E)z) = (n)]N n (/3 i,/32)z; and 

(3.26) f G n+(R+U{0}) 


In the root system of type D 5 , if an element of n + (R"*" U {0}) is written as a linear combi¬ 
nation of the simple roots, then none of the coefficients are greater than 3. Consequently, 
(13.251) and (13.261) imply that there exists x, & G Z such that /3 = afi + bf 2 and 


(3.27) 3>2b>0 

(3.28) 3 > 2x + 2& > 0 

(3.29) 3 > 2fl + & > 0 


It follows from (I3.27D that & G {0,1}. If & = 0, then it follows from (13.281) that a G {0,1}. If 
b = 1, then it follows from (I3.29D that a G {0,1}, and then (I3.28D implies that a = 0. Since 
/3 7 ^ 0 , we have shown that f or f = ^ 2 - 

To finish the proof, we have to show that (^2 carmot occur as a Tad-weight ^ (^/fl • 

Xq) ^0. To get a contradiction, suppose that u G such that 0 7^ [u] G {V / g • Xq)^ . 
Since x = xi is the only simple root such that 162 — x G U {0}, it follows from Proposi¬ 
tion!^^ that 


(3.30) • z; G • xo)c \ {0} 

Since ((162 — xi)^,a;i) 7 ^ 0 and ((162 — xi)^,a; 5 ) 7 ^ 0, the vector X_('^ 2 -ad • xg has nonzero 
projection on both irreducible components of V. This is in contradiction with (13.301) , since 
the Tad-weight f does not occur in V (CO 5 ). This finishes the proof. □ 


Remark 3.13. The fact that the Tad-weight of ' ■^ 0 )'^''° is X 2 -|- 2 x 3 -|- X 4 -|- 2 x 5 , which 
is equal to £2 -|- £3 -|- £4 -|- £5, can also be deduced from the description of the little Weyl 
group of the module W* given in ||Kno98ll (see |PVS12i Remark 2.8] for some context.) 


3.8. (Kll) The module (Spin(7) x C^,C^). Here 

E = {<^3 + £/2£}; 


dy\/ — 1 . 


(-'•f 

Proposition 3.14. The Ead -module {V/g- xg) *0 is one-dimensional. Its weight is 


X 4 -|- 2x2 -l- 3 x 3 . 
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In particular, dim(y/0 • Consequently, dim TxoMg — d]/^ 

Proof. The proof that dim(y /g • xq) = 1 is exactly like in the proof of Proposition 13.Ill 

We now find the Tad-weight of {V/g • xq) ""o, also like in the proof of Proposition 13.111 
Using the T-weight space decomposition of the G-module V{co^ + e) (which can be com¬ 
puted by hand or with LiE llvLCL92l ), the fact that V (2e) C g • xq and IIPVS12[ Lemma 
2.16(4)], one readily checks that the one-dimensional Tad-module V/g ■ xq has the Tad- 
weight given in the proposition. □ 

3.9. (K12) The module (Spm(9) x C^,C^^). Here 

E = {CO 4 . s, coi -j- 2.E, 2.6^} 
d\/\j = 2 . 

G^ 

Proposition 3.15. The T^^^-module {V/Q • xq) ""o is multiplicity-free and has T^^-weight set 

OC 2 OCOf Oi^f OC 2 “h 3 a^4}'* 

In particular, dim(U/g • xq) = d^. Consequently, dim Tx^M^ = 

Proof. Observe that G' = Spm(9). Consider the G-module V' := U(a;i) © U(a;4) and its 
element Xq = Vco.^ + Vco^. Observe that G'^ = Gf. Since U(2e) is one-dimensional, we 

have that (UVg' • Xq)^’‘o ~ {V/g • xo)'^''o as Tad-modules. Put E' = p(E) = {mi,074}. 

Let /3 be a Tad-weight of (UVg^ • Th^W by Proposition 12.61 

(3.31) f G (£')z n (n)N 

(3.32) ^Gn+(R+U{0}) 

A straightforward computation shows that 

(3.33) {C')z n (n)z = {f>\,f> 2 )x, 

where = ai + a 2 + X 3 + 0:4 and fi = Di 2 + 2x3 + 3x4. The explicit description of R+ 
for Spin(9) (see, e.g. l|Bou68i Planche II]) shows that (13.321) implies that if /3 is written as 
a linear combination of the simple roots, then the coefficient of Xi is at most 2 and that of 
the other simple roots is at most 3. Combined with (13.311) and (I3.33D this implies that there 
exist fl, & G Z such that /3 = afi + hf )2 and 

2 > X > 0; and 
3 > fl + 3& > 0 

This system implies that {a, b) G {(0,0), (1,0), (2,0), (0,1)}. Since f 0, we have shown 
that 

(3.34) j6 G {xi © X2 © X3 © X4,2(xi © X2 © X3 © X4), X2 © 2x3 © 3 x 4{. 

We claim that := 2(xi © X2 © X3 © X4) does not occur as a T^d-weight in (UVg^ • 
G^ 

Xq) * 0. We will argue by contradiction; assume u G U' is a Tad-eigenvector of weight fs 

—I— 

such that [u] is nonzero h\{V' / g' ■ Xq)^*o. Using the explicit description of once more, 
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one readily checks that a = a;i is the only simple root a such that jSs — a; G R+ U {0}. By 
Proposition 12.61 this implies that 

(3.35) Xfl:j • V G • Xo)c \ {0}- 

Because ~ i<^i) 7 ^ 0 and ((/Is — 0 ^ 4 ) 7 ^ 0, we have that X_(^j_^pXQ has 

nonzero projection to both summands l^(a;i) and l^(a; 4 ) of V . On the other hand, the 
following compulation in LiE shows that (is does not occur as a r^d-weight in V ( 074 ). 
setdefault(B4) 
omega4=[0,0,0,1] 
beta3=[2,0,0,0] 

Demazure(omega4)|(omega4-beta3) 

— output: 0 

This implies that f is in the kernel of the projection onto the summand V ( 0 ^ 4 ) of V', which 
is in contradiction with equation (I3.35|) . This proves the claim. 

Since the monoid (E')]n is free and G^saturated, we know that the Tad-niodule {V'/q' • 

is multiplicity-free by IBCF081 Theorem 3.10]. Equation (13.341) and the claim above 

then imply that dim(VV 0 ^ • ■tg) ’'o < 2. Since = 2 this proves the proposition, because 

TxgM^ C {V/ g ■ xqY^o C {V/ g' ■ XqY^^ and dim Tx^M^ > dw. by IIPVS121 Proposition 
2.5(1)]. □ 

3.10. (K13) The module (G 2 x C^,C^). Here 

E = {(Ui -|- e, 2e}; 

dy^ = 1 . 

G^ 

Proposition 3.16. The T^^-module (V/g ■ Xg) one-dimensional. Its weight is 

Toil + 2oi2. 

In particular, dim(H/g • xg)*^"'o = dy/. Consequently, dirnTx^M^ = dy/ 

Proof. Same argument as for Proposition 13.141 □ 

3.11. (K14) The module (E 6 x C^,C^^). Here 

E = {cvi e, CV(, 2s, 3e}; 

dyj = 2. 

Proposition 3.17. The T^^-module {V/g- Xg) "'o is multiplicity-free and has T^^-weight set 

{X2 -|- X3 -|- 2X4 -|- 2X5 + 2X5, 2X4 + X2 “ 1 “ 2X3 -|- 2X4 -|- X5}. 

G^ G 

In particular, dim(y/g • xg) ^0 = dy/. Consequently, dim Tx^M^ = dyj 

Proof. Note that G' = Eg. Consider the G'-module V := V{coi) © V{cO(,) and its element 

Xq = Vcoi + Vco(,- Since V{3e) C g • xg, we have that {V'/g' ■ Xq)‘^*o ~ (V/g • XqY’^o as 
Tad-modules. Observe that G' = G',, 

The monoid p((E)]n) = (a;i,a; 6 )]N is free and G'-saturated. By IBCFOSl Theorems 

3.1 and 3.10], {V/g' • Xq)‘^’'o is multiplicity-free and its Tad-weights belong to Table 1 in 
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IBCF081 page 2810]. By Proposition 12.61 the T^d-weights of {V'/q' • also belong to 

An n {coi,cO(,)z.- A straightforward computation shows that 

(3.36) An n {(xi\, (xi^)x = (^2 + ^3 + 2^4 + 2^5 + 2^5, 2ci\ + a;2 + 2^3 + 2^4 + Di^)x 


Observe that the support of each of the two generators of An H {co\, C 0 (,)-z in equation (13.36)1 
contains a simple root not in the support of the other generator. Because the Tad'Weights 

of {V'/q' • belong to (n)]^, it follows that they belong to {oi 2 + 0:3 + 20:4 + 20:5 + 

2a;6,2a:i + 0.2 + locj, + 20:4 + a; 5 )]n. Because none of the Tad'Weights in |BCF08i Table 1] 
supported on a subdiagram of has a coefficient greater than 2, it follows that the Taj- 

weights of {V/q' • x'^y^ are a subset of { 0.2 + 1 x 3 + 20:4 + 20:5 + 2^6, 2 a;i + 1 x 2 + 2 . 1 x 3 + 2^:4 + 
0:5}. Since dvv = 2, this proves the proposition. □ 


3.12. (K19) The module (Sp(2n) x x C^,C^” © C^”) with 2 < n. For these modules, 

E {^ 1 /^ 2 /^ 3 '' 

d\/\j = 2 , 


where 


Ai;=a;i + e; A 2 :=a;i + e'; 

A 3 := (j02 © £ © eO T 4 := £ © . 

Note that G = G is the only coimected group between G^ and G for which this module 
is spherical, cf. Remark |3.3[ Therefore, we can assume throughout this section that G = 
G = Sp(2n) xC^ xC^. 

Proposition 3.18. The T^^-module TxgM^ is multiplicity-free and has T^^-weight set 

{(Xi,ixi + 'y}, 

where 7 = 2 (a ;2 © 0:3 © ... © a:„_i) + ocn if n > 2 and j = 1 x 2 if n = 2. In particular, 
dim TxoMg = dw 

Proof This proof is similar to that of Proposition 13.81 Let fhe a Ta^-weight in Tx^M^. By 
Proposition 12.61 we know that /3 G (n)N G (E)z. A straightforward computation shows 
that An H (E)^ = (^i, 7)z- Since Xi is not in the support of 7 and 0:2 is in the support of 
7 but not in the support of Xi, it follows that 

(3.37) /1£(^^1/7)n- 

By Proposition |2T9l at least one element of {Ai, A 2 , A 3 } must have a positive coefficient 
in the expression of j 6 as a linear combination of the elements of E. Since Ai and A 2 
have codimension 1, it follows from Proposition 12.211 that if one of them has a positive 
coefficient, then f> = Xi and f has multiplicity one in TxqM^. To finish the proof it is 
therefore enough to show the following four claims: 

Claim A: if A 3 is the only element of E which has a positive coefficient in the expres¬ 
sion of j 6 as a linear combination of the elements of E, then f G ( 0 : 1 © 7 , 7 } if n >2 
and /3 G {xi © 7 , 7 , 2a;i © 27 } if n = 2. 

Claim B: the T^d-weight j6 = 7 does not occur in {V /q - and therefore also 

not in the subspace Tx^M^. 


28 


















Claim C: suppose n = 2; the Ta^-weight fi = 2cci + 27 does not occur in (V/g ■ 
Xo)^''o, and therefore also not in the supspace TxgM^. 

Claim D: the T^d-weight /3 = ai + 7 has multiplicity at most one in TxgM^. 

To prove Claim A, we first observe that 

= Aj T A 2 — ^ 3 / 

7 = 2A3 — Ax — A2 — A4. 

It follows from (I3.37D and the hypothesis of Claim A, fhaf fhere exisf A, B G N with B > 0 
and B > A such that 


(3.38) 


/3 = Adi + B 7 . 


For n > 2 the only fi as in (13.381) that satisfy Proposition |Z 6 ljaj) are 7 and oci + 7 . For n = 2, 
there are three additional such /3, namely j 6 = 27 = 2 Di2, fi = 0 : 1+27 = o;i + 20:2 and 
/3 = 2o;i + 2 a2. Proposition 12.201 tells us that fi = 2(X2 and /3 = o;i + 20:2 caimot occur as a 
7ad“Weight in TxgM^. This finishes fhe proof of Claim A. 

We proceed fo Claim B. Lef j 6 = 7 . Observe fhaf the Tad-weight 7 does not occur in the 
G-modules P(Ai), V{A. 2 ) and It occurs in V{\ 3 ) with multiplicity one: the Tad- 

weight space in V{\ 3 ) of weighf /3 is spaimed by It follows thaf /3 occurs with 

multiplicity one in V and that its weight space is a subspace of g • Xq- This proves Claim 
B. 


We move fo Claim C. Lef n = 2 and j 6 = 2o;i + 20 : 2 . One deduces from the well- 
known decompositions into T-weight spaces of V{coi) and V(co2) thaf the Tad-weight 
space in y of Tad-weight j6 is a line Cu in V (A3) C V. We prove Claim C by contradiction. 
Indeed, since 1 x 2 is the only simple root such that /3 — 0:2 G U {0}, we have that 0 7 ^ 
[u] G (y/g • Xo)^^o would, by Proposition 12.61 imply that • u is a nonzero element 

of • Xo)c- This is absurd since • xq has nonzero projection onto the 

components V (Ai) and V (A2) of V. Claim C is proved. 

Finally, we show Claim D. We fix fi = 0:1 + 7 . We will show thaf the Tad-weight fi 
has multiplicity at most one in (y/g • Since Tx^M^ C (V/g ■ xq)‘^’‘o , this implies 

Claim D. First off, we observe that the Tad-weight fi can only occur in y(Ai), V(\ 2 ) oi" 
y(A 3 ). Let Z be the subspace of y(Ai) © V{\ 2 ) © ^{^ 3 ) consisfing of Tad-eigenvecfors v 
of Tad-weight j 6 that satisfy the following three conditions: 


(3.39) Xttj • z; G (X_(^_^^)Xo)c; 

(3.40) Xa2 • u G (X_(^_^2)^o)c; and 

(3.41) X«^-z; = 0forallkG {1,2,...,n} \ {1,2}. 


By Proposition 12.61 every v ^ with 0 7^ [u] G (y/g • Xo)^^o satisfies (I3.39D , (13.401) and 
(13.411) . To show Claim D if is therefore enough fo prove thaf 


(3.42) 


dimZ < 2 , 


since the nonzero vector X_^ • xq belongs to g • Xq G Z. 
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To prove the inequality (13.421) we will make use of the explicit description of sp (2n) and 
its root operators given in the proof of IIGW091 Theorem 2.4.1], as well as the notations 
therein like we did in the proof of Proposition 13.8t see pagein 
Note that 

|6 = ai + 7 = 0^2 = ei + £2- 

We now identify the weight spaces of this T^d-weight in the representations V{oj\) and 
V(co 2 ) of Sp(2n). A vector in V{coi) has T^d-weight /3 if and only if it has T-weight mi — 
/3 = —£ 2 - We identify V^ooi) with the standard representation of Sp(2n), which has 
e\ as a highest weight vector. Then the T-weight space of weight —£2 is the line spaimed 
by 6 - 2 - 

A vector in V (m 2 ) has T^d-weight fi if and only if it has T-weight m 2 — j 6 = 0. As is 
well-known, V{co 2 ) is the irreducible component of the Sp(2n)-module generated 

by the highest weight vector ei A 62 - In the larger module A^C^” the T-weight space of 
weight 0 is spaimed by the following vectors 

(3.43) ei A e_i,e 2 A £- 2 ,•. • ,£« A 

It follows from the previous paragraph that if u G Z, then there exist A, B G C and 
Cl, C 2 ,..., C„ G C such that 


(3.44) 


V = A(e-2 <E) Ve) + B(e-2 <E) v^i) + Yh ^ki^k A £-fc c> Z^e+eO- 


k=l 


Straightforward computations using the root operators show that conditions (I3.39|) , (13.401) 
and (13.411) imply that when n > 2, 


(3.45) 

(3.46) 

and that when n = 2 , 

(3.47) 


A = B = C3 — C2) and 
C 3 = C 4 = ... = C„, 

A = B. 


Either way, this implies that dim Z < 3. Note that the vector z^i (Z> Ug-i-e' G A^C^” ^V(£ + 
s'), where 

n 

vi= e-fc, 

k=\ 

satisfies the equations (13.451) and (13.461) . It is straightforward to check that Vi is a highest 
weight vector. It follows that Vi is an element of the Sp(2n)-stable complement to V{co 2 ) 
in A^C^”. Consequently, the line spanned by Vi (Z> Ug+e/ is not contained in Z, and dim Z < 
2. This proves Claim D, and the proposition. □ 

Remark 3.19. Proceeding as in the proof of IIPVS12[ Proposition 5.14], one can show that 
in fact ( 1^/0 • Xq) ""0 is a multiplicity-free T^d-module with the same T^d-weight set as 
TxoMs- 
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3.13. (K20) The modules ((Sp(2n) x C^) x GL(2), (C^” ( 8 > C^) © C^) with 2 < n. For 
these modules, 

E = {Ai, A 2 , A 3 , A 4 , A 5 }; 

= 3, 

where 

Ax := A2 := oji + £ + A3 ;= oji + £ + 

A 4 := CO 2 © 2 £ © 0 ^ 2 } A 5 := 2 £ © 

We remark that G = G is the only cormected group between g' and G for which these 
modules are spherical, cf. Remark 13.31 Therefore, we assume G = G = Sp(2n) x x 
GL(2) throughout this section. 

In this section we will prove the following proposition. 

Proposition 3.20. The T^^^-module TxgM^ is multiplicity-free. Its T^^j^-weight set is 

(3.48) {ai,ai © 7 ,^ 4 }, 

where = 1 x 2 if n = 2 and 7 = 2 ( 0:2 © 0:3 © ... © a;„_i) -\- ccn if n > 2 . In particular, 
dim TxgM^ = d^. 

Proof The argument is very similar to that of Proposition I3.8[ Let f> he a T^d-weight in 
TxgM^. It follows from Proposition 12.191 that at least one A G E has a positive coefficient 
in the expression of j 6 as a Z-linear combination of elements of E. Note that all elements 
of E except A 4 have codimension 1. In particular, if A 7 ^ A 4 , then it follows from Propo¬ 
sition 12.211 that j 6 is a simple root belonging to the set (13.481) , and that its weight space 
has dimension one. Consequently, to prove the proposition, what remains is to show the 
following two claims: 

Claim A: if A 4 is the only element of E which has a positive coefficient in the expres¬ 
sion of /3, then j 6 = 0:1 © 7 . 

Claim B: the Ead-weight j 6 = 0:1 © 7 has multiplicity at most one in ExgM^. 

We begin with Claim A. Recall from Proposition 12. 6 l that /3 G {E)z G (n)N- Straightfor¬ 
ward computations show that 

(3.49) (E)z n Ax = {(Xi,(x[,'y)z 
and that 

Oi'i = A 2 © A 3 — A 4 — A 4 ^ 

^4 = Ai © A 2 — A 3 ; 

7 = 2 A 4 © A 4 — A 2 — A 3 — A 5 . 

Let K be the basis of (E)^ H Ax given in equation (13.491) . Since f G (n)]^ and all elements 
of K contain a simple root in their support, which is not in the support of any other 
element of K, it follows that /3 G (R)n- Therefore, there exist A, B, G G N such that 

(3.50) j 6 = Aoii © Boi'i © G 7 . 
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From the hypothesis of Claim A, it follows that 


{ -A + B + C < 0; 
A + B-C < 0; 

A - B - C < 0. 


Adding the first two inequalities in (13.511) yields that B = 0. After substituting B = 0, 
the first two inequalities yield that A = C. It follows fhaf /3 G (ai + 7 )n- Using fhaf /3 is 
the sum of a simple root and an element of B+ U {0} (see Proposifion 12.61) it follows that 
/3 = ai + 7 when n > 2 and that fi G {cti + 7 ,2a:i + 27 } when n = 2. With an argument 
like that for Claim C in the proof of Proposifion 13.181 one shows fhaf 2 a; 1 +27 carmot 
occur as a T^d-weighf in (U/g • when n = 2. This proves Claim A. 

The argument for Claim B is fhe same as thaf for Claim D in Proposifion |3A8] above. □ 


3.14. (K22) The modules ((Sp(2m) x C'') x SL(2) x GL(n),(C2'« (g) C^) © (C^ © C")) 
with 2 <m,n. For these modules, 

E A 2 , A 3 , A 4 , A 5 , 

dyj = 4, 

where 

A-i '.= CO } A2 ;= CO © co-^) A3 ;= cjO\ © s © co-^) 

A 4 := CO1 © 2 e; A 5 := co’{) A^ := 2 e. 

In this section we will prove the following proposition. 

Proposition 3.21. The T^^-module Tx^M^ is multiplicity-free. Its T^^j^-weight set is 

(3.52) {Ail, Ail © 7 , a;', a;'/}, 

where j = 1 x 2 if m = 2 and 7 = 2 (a ;2 © a ;3 © ... © a;^_i) -\- dm if m > 2 . In particular, 
dim TxqM^ = dyg. 

Proof The argument is very similar to that of Propositions 13.8113.181 and I3.20[ Let /3 be 
a Tg^i-weight in TxqM^. It follows from Proposifion 12.191 fhat af leasf one A G E has a 
positive coefficienf in the expression of j 6 as a Z-linear combination of elemenfs of E. Nofe 
thaf all elements of E excepf A 4 and A 5 have codimension 1. In particular, if A ^ {A 4 , A 5 }, 
then it follows from Proposifion l2.21l fhaf j 6 is a simple roof belonging fo the set (I3.52D , and 
that its weight space has dimension one. 

Consequently, to prove the proposition, what remains is to show the following fwo 
claims: 

Claim A: if A 4 or A 5 are the only elements of E which have a positive coefficient in 
the expression of f, then /3 = a;i © 7 . 

Claim B: the T^d-weight /3 = a;i © 7 has multiplicity at most one in TxqM^. 

We begin with Claim A. Recall from Proposifion 12.61 fhaf /3 G {E)z. H (n)]N. Conse¬ 
quently /3 G p{{E)z.) n Ax. Straightforward compufafions show fhaf 

(3.53) p((E)z) n Ax = (a;i,a;'a; 4 , 7 )z 
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and that 


(Xi = Ai + A3 — A2 — A4; 

a' = Ai + A 2 ~ ^ 3 } 

cc'l = A2 + A3 — Ai — A5; 

'y = 2A4 + A2 — A4 — A3 — A5. 

Let K be the basis of p{{E)z) H Ar given in equation (|3.53)l . Since /3 G (n)]N and all 
elements of K contain a simple root in their support, which is not in the support of any 
other element of K, it follows that fi G {K)fq. Therefore, there exist Ai, A 2 , A 3 , A 4 G N 
such that 


(3.54) j 6 — A'i(X\ T A 2 'y T A 3 <r^ T A 4 <r^^. 

From the hypothesis of Claim A, it follows that 


(3.55) 


A 4 — A 2 T A 3 — A 4 ^ 0 
—A4 + A2 + A3 + A4 A 0 
A 4 — A 2 — A 3 A 4 ^ 0 


Adding the last two inequalities in (I3.55D yields that A 4 = 0. After substituting A 4 = 0, 
the first two inequalities yield that A 3 = 0 and then that Ai = A 2 . It follows that /3 G 
(ai + 7 )]n. Using that /3 is the sum of a simple root and an element of R~^ U {0} (see 
Proposition 12. 6 D it follows thaf /3 = 0:1 + 7 when m > 2 and that /3 G { 0:1 + 7 , 20 : 1 + 27 } 
when m = 2. With an argument like that for Claim C in the proof of Proposition 13.181 
one shows that 2o:i + 2j carmot occur as a Ta^-weight in (U/g • Xo)‘^*o when m = 2. This 
proves Claim A. 

We now proceed to Claim B. We fix /3 = 0:1 + 7 . We will show that the Tad-weight fi 
has multiplicity at most one in (U/g • Since Tx^M^ C (V/g ■ xq)‘^'‘o, this implies 

Claim B. First off, we note that the Tad-weight fi only occurs in V (Ai), V (A3) and in V (A4), 
since /3 belongs to the root lattice of Sp(2n). Let Z be the subspace of U(Ai) © V{X^) © 
y(A 4 ) consisting of Tad-eigenvectors v of Tad-weight jS that satisfy the following three 


conditions: 


(3.56) 


(3.57) 

x«2 

(3.58) 



By Proposition 12.61 every u G with 0 ^ [u] G {V/g ■ satisfies (13.561) , (13.571) and 

(13.581) . To show Claim B it is therefore enough to prove that 


(3.59) 


dimZ < 2 , 


since the nonzero vector X_^ • xq belongs to g • xq D Z. The proof of (13.591) is the same as 
that of (13.421) . □ 
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3.15. (K23) The modules ((Sp(2m) x C'') x SL(2) x (Sp(2n) x © (C^ © 

C^”)) with 2 < m,n. For these modules. 


dvv = 5, 

where 

Ai '.= coi © £ © m ^ A2 '.= CO © co^ © £ / A3 := coi © £ © co-^ © £ / A4 ;= C02 © 2£^ 
A 5 := CO 2 © 2£^; A 5 := 2£; A 7 := Ze'. 


We remark that G = G is the only coimected group between g' and G for which these 
modules are spherical, cf. Remark 13.31 Therefore, we assume G = G = (Sp(2m) x C^) x 
SL(2) X (Sp(2n) x C^) throughout this section. 

In this section we will prove the following proposition. 

Proposition 3.22. The T^^^-module TxgM^ is multiplicity-free. Its T^^j^-weight set is 

(3.60) {oii,oci © 7, a', a'/, a'/ © 7"}, 

where 



I ^2 

|^2(a;2 © a;3 © .. 

• “1“ ^m-l) 

© CXfft 

ifm = 2; 
ifm > 2; 


|^2(a;2 © © . 

■ ■ + <-!) 

1 © a" 

ifn = 2; 
ifn > 2. 


In particular, dim Tx^M^ = dw. 

Proof. The argument is very similar to that of Propositions 13.8113.201 and I3.21[ Let f be 
a ©ad-weight in ©XqM^. It follows from Proposition 12.191 that at least one A G E has a 
positive coefficient in the expression of j 6 as a Z-linear combination of elements of E. Note 
that all elements of E except A 4 and A 5 have codimension 1. In particular, if A ^ {A 4 , A 5 }, 
then it follows from Proposition l2.21l that /3 is a simple root belonging to the set (|3.52)l . and 
that its weight space has dimension one. 

Consequently, to prove the proposition, what remains is to show the following two 
claims: 

Claim A: if A 4 or A 5 are the only element of E which have a positive coefficient in the 
expression of /3, then /3 = ai © 7 or /3 = © 7 ''. 

Claim B: the ©ad-weights /3 = ai © 7 and f” = (x'{ © 74 have multiplicity at most 
one in ©XqM^. 

We begin with Claim A. Recall from Proposition 12. 6 l that /3 G (£)z G (n)N- Straightfor¬ 
ward computations show that 

{E)zG Ar = {oci,'y,oc',oci,j'')z 
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and that 


(Xl = A3 — A2 — A4; 

(X^ = A4 -|- A2 — A3; 

= A2 + A3 — A4 — A5; 

“y = 2A4 -|- A2 — A4 — A3 — A5; 

= 2A5 + A4 — A2 — A3 — A7. 

Let K be the basis of (E)^ H given in equation (I 3 . 61 I) . Since /3 G (n)]^ and all elements 
of K contain a simple root in their support, which is not in the support of any other 
element of K, it follows that /3 G (i^)]N- Therefore, there exist Ai, A2, A3, A4, A5 G N such 
that 

( 3 . 62 ) j6 = A\X\ + A23' + + A4ft;4 + A5q'^^ 

From the hypothesis of Claim A, if follows that 

r Ai — A2 + A3 — A4 + A5 <0; 

( 3 . 63 ) < — A4 + A2 + A3 + A4 — A5 < 0 ; 

A4 — A2 — A3 A4 — A5 A 0. 

Adding the first two inequalities in ( 13 . 631 ) yields that A3 = 0 . Adding the first and the 
third inequality tells us that Ai < A2, while adding the second and third gives A4 < A5. 
Moreover, after substituting A3 = 0 , the first two inequalities also give us that A2 — Ai = 
A5 — A4. Put C := A2 — Ai = A5 — A4. Then C G IN and 

( 3 . 64 ) j6 = AiXi + (A4 + C)'y + A4ft;4^ + (A4 + C)'y'' 

( 3 . 65 ) = (Ai + 2C)A4 + (A4 + 2C)A5 - 2CA3 - (Ai + C)A6 - (A4 + C)A7. 

By Proposition 12.201 it follows from (I 3 . 65 D that Ai + A4 + 4 C < 2 . This implies that 
C = 0 . The inequality Ai + A4 < 2 has five solutions in IN x IN. This implies that 
jS e where = xi + 7, ^2 = (x-'i + l", h = ai + 7 + x'{ + 7", ^64 = 

2 a:i + 27 and jSs = 20:4 + 27". We caimot have fi = (is because (is does not belong to 
n + (R+ U { 0 }). If m > 2 , then /3 7^ /34 for the same reason. If m = 2 , then an argument 
like that for Claim C in the proof of Proposition 13.181 shows that j6 7^ 164. If n > 2 , then 
/3 7^ jSs because /Is ^ IT + (R+ U { 0 }). If n = 2 , then /3 7^ /Is by an argument like that for 
Claim C in the proof of Proposition 13. 181 This proves Claim A. 

The argument for Claim B is the same as that for Claim B in the proof of Proposi¬ 
tion 13.201 except that one has to go through it twice: first for = Xi + j and then for 
/ 3 " = x'^ + 7". This finishes the proof. □ 

3 . 16 . (K24) The module (Spin(8) x C^ x C^,C^ © Cl). Here 

E = © £, CO 4 . © £^, © £ © s!, 2.E, 

d-wi = 3 . 

Proposition 3.23. The T^^-module {V/g- Xq)^o is multiplicity-free and has T^^-weight set 

{x^ © X2 © x^, Xi © X2 © X/j., X2 © x^ © a; 4 j". 
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In particular, dim{V /g 


= dw. Consequently, dimTxoM^ = 


Proof. Note that G' = Spin(8). Consider the G'-module V := V{coi) © V{co^) © V(co.i) 
and its element Xg = Va,^ + Va;^ + Va?^. Since V (2e) and V (2e') are subspaces of g • xq, we 

have that {V'/q' • Xq)*^*o ~ {V/g- as Taj-modules. Observe that = G^,. 

The monoid p((E)]n) = {coi,co 3 C 04 )f 4 is free and G'-saturated. By fBCFOSl Theorems 
3.1 and 3.10], (V/g' • Xq)‘^’'o is multiplicity-free and its Tad-weights belong to Table 1 in 

IBCFOSi page 2810]. By Proposition 12.61 the Tad-weights of {V'/g' • Xq)‘^*o also belong to 
Ar n {coi, CO 3 , C 04 )z- A straightforward computation shows that 

(3.66) Ar n {coi,CO3,C04)z = + bx2 + CX3 + dx 4 I a,b,c,d e Z and 2b = a + c + d}. 


Let 7 be a Tad-weight of (V'/g' • x'q) ^0. It follows from equation (13.661) that 


(3.67) 


supp( 7 )| > 2 and X 2 C supp( 7 ). 


There are twelve Tad-weights in iBCF08i Table 1, page 2810] that satisfy (I3.67|) . Six of them 
are 


OC4 © OC2, OC2 © OC3, OC2 © OC4, 0C\ © 2oC2 © ^3/ 0C\ © 2X2 T ^4/ 2 .X 2 © X3 © X4, 
but 7 cannot be among these since they do not belong to Ar n (mi, 0^3,0^4)z by equa¬ 
tion (13.661) . 

Three more Tad-weights iri iBCF08[ Table 1] that satisfy (13.671) are 


7i •— 2x1 T 2x2 T ^3 T ^4 — 2mi 

73 := xi © 2x2 + 2x3 © X4 = 2m3 

74 := Xi © 2x2 © a; 3 © 2x4 = 2m4 


We claim that none of them is a Tad-weight in (W/g' • Xg)‘^*o. Let i G {1,3,4}. We will 
argue by contradiction that 7 ; is not a Tad-weight /g' • Xq) ^ 0 . Assume v C y' is a 

Tad-eigenvector of weight 7 , such that [u] is nonzero in (V'/g' • Xg) * 0 . Note that x, is the 
only simple root f such that 7 ; — /3 is in T+ U {0}. By Proposition |2^ this implies that 


(3.68) 


X. 


z; G {X_^^._^.)x'o)c \ { 0 }. 


Because (( 7 / — X/)^, •) is nonzero on mi, m 3 and CO 4 , we have that X_i^^._^.^x'q has nonzero 
projection on the three summands y(mi), V{co 3 ) and V(co 4 ) of V'. On the other hand, 
one checks with LiE that 7 , does not occur as a Tad-weight in all three components of 
V' (see the proof of Proposition 13.151 for the code of a similar compuation in LiE). This 
contradiction with equation (13.681) proves the claim. 

The remaining three Tad-weights iri iBCF08i Table 1] that satisfy equation (13.671) are the 
three weights listed in the proposition. Since d^ = 3 this proves the proposition. □ 


APPENDIX: COMPUTING THE INVARIANTS OF THE MODULES IN THE FAMILY K5 

During the work for the present paper, we also developed a different technique which 
explicitly computes the invariants in (V/g • xq)‘^’‘o. The main idea is to use theoretical 
and elementary arguments to reduce the problem to the study of the smallest case for the 
parameter n (or the parameters (n, m)), and then do a direct computation for the smallest 
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case. In this appendix we present the method for the K5 family. The method works 
equally well for the study of the remaining infinite families. 


3.17. Notation and Generalities about Sp 2 „. To accommodate the computational and 
explicit nature of this appendix, the notation used here is different from that used in the 
rest of the paper. Assume n > 1 is a positive integer. Consider the vector space C^” with 
basis Cl,..., ein- We also set fi = e 2 n+\-i for 1 <i <n. 

We define a nondegenerate skewsymmetric bilinear form O : x C2« ^ C by 


n(e,-,ey) = = 0, 


= ^ij, ^{fir^i) = -Sij 


for 1 < i, j < n, where Sjj denotes the Kronecker delta function. By definition Sp 2 „ consists 
of the linear automorphisms g of which have the property n(g(v),g(w)) = 0(v, w) 
for all v,w ^ C^”. 

We denote by sp 2 „ the Lie algebra of Sp 2 „. According to IIGW091 p.72, Eq (2.8)] it has a 
basis 


^kh Cfc/ : 1 < i,i < I < n} 

defined as follows: Uij = {ej i—)• ei,fi i—)• —fj) where the notation means that ciij{ej) = 
ei,aij{fi) = —fj, aij{et) = 0 ifl<f<n and t 7 ^ j, and = 0ifl<f<n and t 7 ^ i. 

With the same notational convention bj^i = (e/ 1 —)• f]^,ek 1 —t fi) and Cjt/ = (// 1 —)■ S/)- 


3.18. Notation for the K5 example. By definition, for n > 2, K5 with parameter n, or 
more simply K5(n), is the K5 family in List (13.1|) with group Sp 2 „ x GL 2 and W = C^. 

Fix n >2. Set G = Sp 2 „ x GL 2 . 

We denote by ei,.. .,e„ the standard basis of the weight lattice of Sp 2 „ and by £^'^2 
the standard basis of the weight lattice of GL 2 . For 1 < i < n we denote by coi the i-th 
fundamental weight of Sp 2 „, and for 1 < i < 2 we denote by the i-th fundamental 
weight of GL 2 . We set: 

Vl = V{cvi)®V{cv[), 14'= ® y(4), V^ = V{cv' 2 ), = 

We also set 


V 2 = V(CV 2 ) O Vicvf) C V 2 ', V,- = V' for i ^ 2, and V 

We define, for 1 < i < 3, dominant weights A; of G by 1^ = ^(A;). Hence Ai = mi + cof 
A 2 = 022 + CO 2 , A 3 = cvf We denote by T the diagonal maximal torus of G. We define an 
action p' : T x V' V' by | 0 '(f, Ef^i w,) = Ef=i A,(f)f“^ • Wj, for f G T and w, G V/ 
for 1 < z < 3. If is clear thaf for t ^ T and iv ^ V we have p'{t,w) = ix(t,w), where 
a. : T X V ^ V is the action defined in IIPVS121 Definition 2.11]. 

For the that Sp 2 „ acts we fix a basis ei,..., e 2 n and define Cl,fi, Ujj, Cj^i as in Sub¬ 
section [STTl For the C^ that GL 2 acts we fix a basis 5 ^ 1 , ^2 and define a basis {dpcj : 1 < 
P/ < 2} of 0(2 by dpq{ea) = ep ii q = a and 0 otherwise. Then the set 

{^Zj/ CfcZ/ dpq : 1 < z,y < n, 1 <k <l <n, l<p,q <2} 


is a basis of g which we call the standard basis. 

We set A = {l,2,2n — l,2n} and H = EzmiG'A/f G A^C^”, Hg = ELi G A// G 
A^C^”, xq = ei ^ gi + ei A 62 ® gi A g 2 + gi A g 2 - For 1 < z < 3 we denote by Vj the 
component of Xq that is in Vj. For example, = gi A g 2 - 
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We say that u G is an invariant if [u] G Foi" 1 < i < 2n we define that 

the index of ei is i. Since fi = e 2 n+i-u we also define that the index of fi is 2n + 1 — i. We 
denote by Xq C ^ the Zariski closure of the G-orbit of xq. 

We fix the following basis of V which we call the monomial basis: 

: 1 < i < 2n, 1 < p < 2, e, A ej ® gi A g 2 : 1 < i < j < In, gi A g 2 . 

For V G V', the terms of v are by definition the nonzero monomial terms of the (unique) 
expression of u as a linear combination of the monomial basis. For example, the terms of 
262 + 7gi A g 2 are 262 G) gi and 7gi A g 2 . 

We denote by V^, the linear span of the subset of the monomial basis of V' where all 
indices appearing for e, are in A. In more detail, is the linear span of 
ei^gp-.ie A, 1 < p < 2, 6 i A 6 j®giAg 2 :l<i<i< 2n, {i,]} G A, gi A g 2 . 

We denote by the linear span of the remaining elements of the monomial basis of V'. 

We define a Lie subalgebra C g and a vector subspace Zfe C g such that, as vector 
space, g is the direct sum of Z^ and Zi,. Namely, we set Z^ to be the linear span of 

{uij, bki , Cki, dij: 1 < z,; < 2, 1 < < / < 2} 

and Zj, to be the linear span of the remaining elements of the standard basis of g. Clearly 
Zfl is in a natural way isomorphic to sp 4 © gl 2 which is the Lie algebra of the group Sp^ x 
GL 2 of the case K5(2). 

An easy direct computation proves the following proposition. 

Proposition 3.24. We hav6 Za ■ C V^, Za • C and Z^ • C As a corollary, 
Za- Xq C. and Zi, ■ xq (Z V^. 

Corollary 3.25. Assumo u G g • xq. Wrzfe v = Va -\- Vi, with Va G V^,vi, G V^. Thon thoro 6 xist 
Za G Za and Zi, G Z^, with Va = Za • Xq and Vi, = Zi, • Xq. 

Proof. There exists z G g with v = z • xq. Write z = Za + Zi, with Za G Za and Zi, G Zi,, 
then V = Za • Xq + zi, • Xq. Using Proposition 13.241 Za • xq G and Zi, • xq G Since 
K K = {0} Va=Za- Xo and Vi,=Zi,- Xq. □ 

We denote by g^Q the Lie algebra of the stabilizer G^q of the point xq. It will be computed 
in Proposition 13.281 

Corollary 3.26. Assumo v ^ V' is an invariant. Writo v = Va + Vi, with Va G and vi, G V^. 
Sot f = Zfl n gxQ. Thon F -VaZ Za- Xq. 

Proof. If n = 2 then v = Va and the result is obvious. Assume n > 3 and let z ^ F. 
Since F Z g^o and v is an invariant we have z • v G g • xq. Hence z • Va + z • Vi, G g • xq. 
Since z G Z^, by Proposition 13.241 z • Va G and z - Vi, G Vf Hence z • + z • zz^, is the 
decomposition of z • zz with components in and Vf Using Corollary 13.251 we have that 

Z • ZZfl G Za • Xq. □ 

Direct computations give the following two propositions. 

Proposition 3.27. Tho stabilizor subgroup G^q is oqual to tho sot of {hi, h 2 ) G Sp 2 „ x GL 2 which 
have tho proporty that thoro oxists & g C* and ai,a 2 G C such that 
hi{oi) = boi, hi{ 02 ) = b -'^02 + ai 0 i, h 2 {gi) = b-'^gi, h 2 {g 2 ) = bg 2 + a 2 gi. 
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Proposition 3.28. The following set 

{ 012 } U {uij : 1 < i < n, 3 < j < n} U {bjj : 3 < i < j < n} U 


{cij < i < j < n} U {^ 12 } U {dn — an — ^22 + ^ 22 } 

is a basis for g^g. 

Lemma 3.29. Assume v ^ V' is an invariant for K5(n). Write v = Va + Vi, with Va G and 
vt G Vf Then [z;^] G {V’/q ■ for K5(l). 

Proof Using Proposition l3.28l which implies compatibility of g^g for K5(n) as n varies, the 
result follows by Corollary I3.26[ □ 

Proposition 3.30. Assume v ^ V is a p'-weight vector such that [u] G (UVg • and 

[y] 7 ^ 0. Denote by f the p'-weight of v. Then f is a linear combination with integer coefficients 
of the A;. 


Proof Write v = Wi-\-W 2 + W 2 , with Wj G V'-. Since u 7 ^ 0 there exists i with 1 < z < 3 such 
that Wi 7 ^ 0. Then the arguments in the proof of MPVS12[ Lemma 2.17(c)] also work here, 
taking into account that by the definition of p' we have that w, is a T-weight vector with 
T-weight equal to A/ — f. □ 


3.19. Analysis of the invariants of K5 with a high index. Assume n > 2 and we are in 
K5tn) case. Proposition 13.341 will give a strong restriction on the invariants v with v iK 
Recall H = e, A /;. We set 72 = ei + £2 and = H ® gi A g 2 . 

Remark 3.31. We have computed G^g in Proposition I3.27[ A small computation shows 
that is an invariant. 

Lemma 3.32. Assume v ^ V such that 0 7 ^ [zz] G {V' /Q • Assume v is a p'-weight 

vector. Denote by f the p'-weight ofv. Assume w is an element of the monomial basis ofV such 
that w G and a nonzero multiple ofw is a term ofv. Then n > 3, f = 72 , kz G V2 and there 
exists i with 3 < i < n such that ze = e,- A f ® gi A g 2 - 

Proof. Denote by P the Z-span of the weights ei,e 2 ,ei,e 2 - Proposi¬ 

tion 13.301 /3 G P. The assumption w G implies that there exists j with 3 < j < 2n — 2 
such that Cj appears in zf. If zzz G then w = Cj® gp with 1 < p < 2 which implies that 
/3 ^ P, a contradiction. Hence w G Vf so w = Cp A Cq ® gi A g 2 tor some 1 < p < q < n, 
or w = Cp A fq ® gi A g 2 for some 1 < p,q < n, or w = fp A fq ® gi A g 2 for some 
1 < p < q < n. The first and the third cases are impossible, since then f> ^ T. The second 
case is possible if and only Up = q. □ 

We need the following lemma, which restricts further the candidate invariants. 

Lemma 3.33. Assume Ct G C,/or 1 < t < n. Set z = iu=i Ctet Aft) ® gi A g 2 -Assume V ^ V 
is an invariant which is also a p'-weight vector with p'-weight 72 such that, for alll < t < n and 
d G C*, we have that det A ft ® gi A g 2 is not a term ofv — z. Then ct = Cjfor all 3 < i < j < n. 

Proof. Fix i,j with 3 < i < j < n. We assume c, 7 ^ Cy and we will get a contradiction. Set 
w = eiA fj ®giA g2. 
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We act by the element = {cj i—)• ei,fi i— —fj) which, by Proposition 13.281 is in g^o- 
We have Uij • z = (c; — Cj)w. Lemma 13.321 which restricts the terms that can appear in v, 
implies that no nonzero muliple of w can appear as a term of • (v — z). Hence (C; — Cj)w 
appears as a term of • v. Since v is an invariant, we get that ■ v G g ■ xg, hence there 
exists z G g such that (cj — Cj)w is a term of z • xg. Since xg has all indices less or equal to 2 
it follows that each term of z • xq can have at most one index > 3. This is a contradiction, 
since w has two distinct indices, namely i, 2n + 1 — j, greater or equal than 3. □ 

The following proposition is an important step for the reduction of the problem of 
invariants for the case K5(n) to the case K5(2). 

Proposition 3.34. Assume v ^ V' such that 0 7 ^ [u] G (V'/g ■ xg)‘^'‘o. Assume v is a p'-weight 
vector. Denote by ^ the p'-weight ofv. Write v = Va vi, with Va G V'^ and v\, G Assume 
Vi, 7 ^ 0. Then /3 = 72 and there exists c G C* such that v — cq^"^^ is an invariant contained in V^. 

Proof. Lemma [3.321 implies that f> = 72 . Combining Lemmas 13.321 and 13.331 it follows that 
there exist c G C* such that v — cq^'^^ G Vf By Remark 13.311 is an invariant, hence 

V — cq^'^^ is an invariant contained in Vf □ 

3.20. The invariants of K5. Recall Hg = E^=i ^ fi ^rid 72 = £1 + £ 2 - We define the 
following | 0 '-weights and weight vectors in V': We set 71 = ei — £2 + e[ — £ 2 , and ri = 
02 ® gi- We set r 24 = Hg ^ gi A g 2 and r 2 g = £1 A /i A ^ 2 - Then ri is a | 0 '-weight 
vector with p'-weight 71 and r 2 p and r 2 g are p'-weight vectors with p'-weight 72 . 

An easy direct computation gives the following proposition. 

Proposition 3.35. Assume we are in K5(2). Then {V'/g ■ = (W/g • the 

classes in V'/g - xg of the elements 

D, ^ 2 , 1 , r2,2 

is a basis for the vector space {V' / g • xg)^^fi. 

Proposition 3.36. Assume n > 2 and we are in K5(n). Then the classes in V' /g • xg of the 
elements 

r2,2 

is a basis for the vector space {V' / g • xg)^^fi. 

Proof. If n = 2 then the result follows from Proposition I3.35[ So we assume that n > 3. 

We have computed G^g in Proposition 13.271 A small calculation shows that the vectors 
in the statement of the present proposition are indeed invariants for K5(n). 

We will use that if an invariant v for K5(n) is an element of then, by Lemma 13.291 
[u] G {V'/g • for K5(2), hence by Proposition 13.351 z; is an invariant for K5(2). 

Assume u G PHs an invariant which is also a p'-weight vector with p'-weight f>. Write 

V = Va Vi, with Va G and Vi, G We will show that [u] is in the linear subspace of 
V' / g • Xg spaimed by the classes of the elements in the statement of the present proposi¬ 
tion. Since these classes are linearly independent it will then follow that the classes are a 
basis for (W/g • 

We first prove that there exists i with 1 < z < 2 such that j 6 = 7 ;. If 7 ^ 0 it follows 
from Proposition 13.341 that f = 72 . If zz^ = 0 then zz is an invariant for K5(2), hence the 
existence of i such that f> = 7 , follows from Proposition I3.35[ 
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Assume j 6 = 71 . By Proposition 13.341 vu = 0 and hence v is an invariant for the case 
K5(2). By Proposition 13.351 the vector subspace of {V' /Q ■ consisting of vectors with 

jo'-weight 7 i is 1-dimensional spaimedby [ri]. Hence [u] is in the linear span of [ri]. 

Assume /3 = 72 . It follows from Proposition 13.341 that there exists Ci G C such that 
V — is an invariant contained in I 4 '. Consequently, by Proposition 13.351 there exist 
C 2 , C 3 G C with 

(3.69) V - - ( 02 ^ 2,1 + C 3 r 2 , 2 ) G g • Xq. 

We will show C 2 = 0. Assume C 2 7 ^ 0 and we will get a contradiction. We act by the 
element ^23 = (^3 ^ S 2 ,f 2 ^ -/s) ^ 0xo- Since for all b G g^o we have & • (g • xq) C (g • xq), 
we get fl 23 • (g • ■^ 0 ) C g • Xq. Since are invariants, we have that ^23 • G 

g • Xq. Hence, Equation (I3.69D implies ^23 • (^ 2 ^ 2,1 + ^ 3 ^ 2 , 2 ) G g • Xq. Since r 27 is an invariant 
and C 2 7 ^ 0 it follows that ^23 • ^" 2,1 ^ g • ■^O/ hence 62 ^ f 3 gi /\ g 2 ^ g • ■^o- This is a 
contradiction, since by Lemma [2.171 (for f = 1) the set of nonzero elements of g • Xq with 
p'-weight £2 + £3 is equal to {d{bi 3 ■ xq) : d e C*} = {d (/3 gi - ^2 A fsi^ gi A g 2 ) : d G 
C*}. □ 

Proposition 3.37. Assume n > 2 and we are in K5(n). Then the classes in V/g ■ xq of the 
following elements of V 

n, nr 2,2 - q^^^ 

is a basis for the vector space {V / g • xo)^^o. 

Proof By IIFH911 Theorem 17.5] V (022) C is the kernel of the linear map —)■ C 

uniquely specified by ui Au 2 Cl(ui, U 2 ) for all ui, U 2 G C^”. Hence a basis of V(CO 2 ) is 

ei A ep fi A fj, Oa A f\„ e^Afj^-eiA f\ 

with indices 1 < i < j < n, 2 <k < n, 1 < a,b < n with a f^b. 

Using Proposition 13.361 the result follows by an easy compulation. □ 

Proposition 3.38. Assume n > 2 and we are in K5(n). Then the vector subspace of {V/g • 
xo)‘^''o consisting of the vectors with the property that the section in H^{G ■ xo,A/xo)‘^ they induce 
extends to Xq is equal to {V/g • xq)^’'o. 

Proof It is enough to show that for each of the 2 basis elements in the statement of Propo¬ 
sition |3]3Zl the induced section in H^{G • XQ,Afxf)^ extends to Xq. Recall xq = Ef=i Vi with 
Vi G Vi. For 1 < i < 3 we set Wi = xq — Vi. Using MPVS12[ Proposition 3.1] we have that, 
for i = 1 , 2 , the codimension in Xq of the G-orbit of Wi is > 2 . 

We have 71 = 2Ai — A 2 . It follows from Corollary 12.91 that the equivariant section in 
H^(G • Xq, A/xq)*^ defined by ri extends to Xq. 

We have 72 = A 2 — A 3 . It follows from Corollary 12.91 that the equivariant section in 
H^{G • XQ,Mxff)^ defined by nr 2,2 — extends to Xq. □ 
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